PH12b 2010 Solutions HW#1
1.
a) (z) = 0 = (p) imply that (Az)* = (x?) and (Ap)® = (p?) . Using this we get
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)= L) s T 22y = B | L oy

Now, from the uncertainty relation we know that Ap > i/2Ax, therefore
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solving for Az, we get
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This imply that
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Then, the value of the energy lower bound for any quantum state is the same as the ground state energy of
the one-dimensional harmonic oscillator.

2.

a) First we define

To = o — (o),

Po Po — (o) -

Because the position and momentum of the particle are "uncorrelated" then

(Topo) + (PoTo) = 0.

Notice that o and pg are operators that do not commute, therefore (xopg) # (poxo) -
We know that z; = x¢ + pot/m then

(Az)* = ((@— (@))
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where we used (Topo) + (Poxo) = 0. From the uncertainty principle we know that Apy > i/2Axg, so finally
we get
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b) Because
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it is obvious that the lower bound is reach when Axy = 0 and therefore

AzgAx; > E .
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¢) From b) we have that

/ ht (10—34m?2k 10—2
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The size of a proton is around 1fm=10"'%m, then the standard quantum limit is four orders of magnitude
smaller.

3.

a) The Hamilton’s equations are

O0x OH ._Op_ OH
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The Hamiltonian of a one-dimensional harmonic oscillator is

2
1
H = Qp_m + §mw2z2.

Therefore the Hamilton’s equations of motion for this system are

p = —mw?z, T =p/m.

b) See Fig.1. ¢) The equation for the orbits are
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then the axis of the ellipse are a = V2mE, b = \/2E /mw? (or vice versa). Then

J(E):Azﬂ'ab:@,
w

d)

as expected.
e) By the requirement that the action J is an integer multiple of Planck’s constant h we get

J(E,) = —— =nh, n=20,1,2,3,...

Solving for E,, gives the energy levels of the harmonic oscillator

h
En—(—>nw, n=20,1,23,...
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4.
The Poisson bracket [A, B] of A and B is defined as

N
0A 0B 0B 0A
A, B] = grez 92 :
14, 5] azzl <8qa Opa  9a 3pa>




Harmonic Oscillator Orbits E=1,4,8 m=2 ©=0.3
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Figure 1: Orbits for several different values of the energy. The direction of the flow along the orbit is
CLOCKWISE.

The Hamilton’s equations are
dq,  OH op.  OH

ot Opa’ ot 0qq
where H is the Hamiltonian.
a) Show that
dA
— =[AH
dt 4, H],

where A(CI17(J27-~ 4N, P1, P2y - - - 7pN) .
Proof

lhs =
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= [A H] =rhs.

b) Show that [4, B] =0 if B = B(A).
Proof
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where we used the chain rule i.e. 9B/dp, = (0B/0A) (0A/Ip,)
c) If 0H/0t = 0 by a), assuming A = H, we have

dH
S _HH
dt A, H],
now, by b), [H, H] = 0, therefore
i _
dt
d)
(9> q) = 0,
because dq,/9p, = 0.
[Pmpb} = 07
because 9p,/dq, = 0.
Now,
% s 0 a#b
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then
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a) The amplitudes are

Vo = Wal0)+vs(0)) VI = 56 (¢ ),

Yp

(8A(D) + (D)) VT = e (& — &)

Then the probabilities are
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PC) = |wof® = cos (“ .

2
PD) = Jupf =sin (“57) -

Notice that P(C) 4+ P(D) = 1 as expected.
b) If the slit B is covered then
T/JC = 11[}14(0) = %ehﬁeia’ dJD = wA(D) = %eiid)eiaa
P(C) = [bol” =1/2, P(C) = [bpl* =1/2.



If the slit A is covered then

Yo =Up(C) = e wp = ,(D) = Fe0e,
P(C) = [vel” =1/2, P(C) =[¢pl” =1/2.
¢) « just appear in 9 4, then we can use P(C) and P(D) of a) in the following way
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P(D)yew = P(D)|, .0y, =sin (0‘ 3 by g) = cos (o‘;ﬂ) = P(C).



