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February 5, 2010

The state |¢)s ® |un) g is transformed to

V1=pl)s ® [un)p + /p(al0)s @ 1) e +bl1)s © [n)p) (1)

Since |v) g and |n) g aren’t mutually orthogonal, we can’t use this equation
directly to compute the new density operator. Instead, we must change
to an orthonormal system, as suggested in the hint. One way to do this
is to keep |v) g and to take |§) g as the second basis vector, where |§) g is
determined by

me=0=¢e+ V2—-eld)p (2)

Substituting (2) into (1), we get that the new state is

VI=pl)s@lun) p+yp(al0)s+b(1-6)1)s ) @) 5+ /by 2 = €[1)5013)
3)

Remember that if we have a state

Z\%)s ® |fi)E

with |f;)g normalized and mutually orthogonal, then we calculate the
density operator by the formula

p= D lw)stwils
Working in the basis [0)s, |1} of S, we have
V=i = vi=a(;)
VB(al0)s +b(1 = e)[1)s) = wa(b(la_ €)>
VIV = @bll)s = pv2e— & (O)

b
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2

so from (3) we get that the new density operator is
N _ k7% a * _ * a _ 2 * O
p=0-p)(ab )(b> +p(a (1—e)b )(b(le)) +p(2e—€)(0b )(b)
_ |a? (1—pe)b*a
-\ (L=pe)ad b

Comparing this to the original density operator
. e () [ ]a* b*a
p=wstls =@ ) (3) = (1 1)
lets us read off that A =1 — pe.

(a) We begin by analysing the evolution of a single term of the form
[1){(1p]. If at time ¢ we have |¢(¢))(1)(¢)|, then at time ¢ 4 dt we have

(¢t + b)) ap(t + dt)] = (11(8)) — dwale) (el () ) ((0)] + iwdt (W (D) |e) el )

= [(1)) ((t)| — iwdt|e){el[y)(t)) (1 (¢)|

+ dwdt [y () (Y (t)]le)

Notice that the right hand side is linear in [¢(¢))(¢(¢)|. Since a
density operator is a linear combination of |¢;(¢))(v;(t)| terms, by

summing the previous equation over such terms, for an arbitrary
density operator p(t) we have

Pt + db) = p(t) — iwdtle)ela(t) + iwdtp(t)]e) (el +w?dt[e) el (L) e) (el
Now taking the limit of W as dt — 0 gives

dp . A

L = —icle)elp+ iwple) el (4)
as required.

(b) In the basis {|g), |e)}, we have |e) = () so |e){e| = (3 9) and Eq. (4)
becomes

d (pgg  Pge (0 0\ (Pgg Pge . (Pag Pge (0 O
g L = —jw g £ + w g L
dt (peg Pee 0 1 Peg  Pee Peg  Pee 0 1

. 0 WPge
—iWPeg 0

Componentwise, we get the 4 differential equations
d

T
d .
%pge = WpPge
d :
giPes = TWWPey

d

ce =0
at”

el +w?dt*[e) (e| [ (1)) (W (t)]e) (el
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The solutions of these equations, in terms of initial conditions at

t =0, are
Pag(t) = pgq(0)
Pge (t) = ethpge (0)
Peg(t) = e_iwtpeg(o)
Pee(t) = pee(0)

so in terms of components of 5(0), 4(t) is given by

N ng(o) ¢! pge(0)
p(t) = (e“‘)tpeg(o) Pee(o) )

(c) Using the same approach as in part (a), if at time ¢ we had a pure
state p(t) = |¥(t))((t)|, then at time ¢ + dt we have the density
operator

it +dt) = (Ig)(gllw(6)) + VI —Tatle)ellw(®)) ((B)llg)gl + VI=Takw (e} el
+ (VTdtlg) (ellw ) ) (VEdiw()le) (9]

which can be rewritten as

pt +dt) =19)(glp(t)9){g| + V1 — Tdtle){e|p(t)|g) (9] + V1 = T'dt|g){g|p(t)|e) (e|
+ (1 =Tdt)le){elp(t)]e)(e] + Tdi|g){e|p(t)|e) (9]

Moreover, since this equation is linear in p(t), it will still hold for an
arbitrary mixture of states. Since |g), |e) form an orthonormal basis
of the atom’s Hilbert space, we have |g){g| + |€)(e] = 1 which we use
with the previous equation to get

AL = pt) _ VIZTH=1 ) clsttlg) ol + =L o) alpole)e

— Tle)(elp(®)]e){el + Tlg)(elp(t)]e)(g
and taking the limit dt — 0, this becomes

9 — S Ie)elola) ol — 519 glaled el — Tle) (el ple) el + Tlg) elple) sl

Again using |g)(g| + |e){e|] = 1, this can be simplified to

9 — L leMelp — galedtel + Tlgyieloled o] (5)

proving the atom’s master equation.
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(d)

and |e) = (7), we can rewrite Eq. (5) in the matrix

:_E 0 0Y (pgg Pge _E Pgg  Pge 0 0
2\0 1) \peg pee 2 \Peg Pec) \0 1
0 1 P Pae 0 0
4T 99 Pg
(o) G ) (1 0)
(Fr/‘)ee gpge>
—5Peg —I'pee

Componentwise, we get the 4 differential equations

Since |g) = ()

form as
i (pg g Pge)
dt Peg  Pee

d

&pgg =I'pee

i T
dtpge = 2pge
i T
dtpeg = 2peg
d

—; Pee = =T ee
dtp P,

The one for py, is coupled with pe., so we start by solving the other
three,

pae(t) = e "2 pye (0)
pee(t) = € pee(0)

Now integrating the equation for dpg,/dt from 0 to t we get
Pag(t) = pgg(0) + (1 — ") pec(0)
so in terms of components of 5(0), 4(t) is given by

_e_Ft ce e‘Ft/Q ge
56) = (p”(o);g/zpeg(ofp (0) e—rtpfe«()())))

Combining the two differential equations gives a new differential
equation, and we can combine them at the componentwise level, get-
ting

d
%pgg =T'pee

d r .
%pge = _5 T W | Pge

a _(_L_,
dt’es =\ g ") Pes

d

4, Pee = -T ee
dtp P
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As in part (d), we start by solving the uncoupled differential equa-
tions, getting

vl

poe(t) = eZET)p (0)
peg(t) = eZF )15, (0)

Pee (t) = 6_Ftpee (O)

vl

after which we integrate the equation for py,, getting
Pgg(t) = pag(0) + (1 — e_Ft)Pee(O)
To summarize, in terms of components of 5(0), p(t) is given by

(1) = (”gg<0> + (1= €77 pec(0) e<-5+iw>tpge<o>>

g e(_g_w)tpeg(o) e_Ftpee(O)

3 (a) Since we have 1/2 probability for each of the states |9g), |1r), the
density operator is

p= 3hom)onl + 3lorur

1 1 1 1/V2
30 0 () + 502 v (1Y)
_(3/4 1/4
“\1/4 14

(b) Eigenvalues A of p satisfy the characteristic equation

which has the solutions

(¢) From the equation

<3/41/—4>\i 1/41/_4/\i> Cﬁ) 0

we get (1F \/?)ui + vy = 0. If we focus on normalized eigenvectors,
u? +v% = 1, and combining these two equations gives, after some

algebra,
(ui> [ V2E£V2)2
v )\ V2T V2/2
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By comparing these with the values of cos(7/8), sin(7/8) (which you
can calculate using the half-angle formulas), you may notice that

()= Gatero)
(1) = ()

Another reason to suspect that the angle 7/8 would have something
to do with the solution is just by noticing that |¢ g ), [¢)r) are vectors
with phases 0 and 7/4, and since they contribute equally to the
density operator, it is to be expected that the density operator has
some sort of symmetry around the axis with angle 7 /8.

Let M be the matrix (d)ab)fl\{ p—1- By the singular value decomposi-
tion, there exist unitary matrices U = (uqi)Y,—; and V = (Ujb>§\fb:1
such that M = UDV with D = (dij)?szl a diagonal real N x N
matrix with nonnegative eigenvalues. In componentwise notation,
M = UDV becomes

N
Yab = E Uqidi;Vjp

i,j=1

which we can use to express [¢)) as

)

N
> Yavlea) @ |fs)
a,b=1

N

Z Uaidijvjplea) @ | fp)

a,i,j,b=1

> di (Z Um‘|€a>> ® <Z Ujb|fb>>
a=1 b=1

1,j=1

Now we use the condition that U and V are unitary. Remember that
unitary matrices correspond to transformations from one orthonor-
mal basis to another. Treating U as a unitary matrix acting on H 4,

we see that
N
|6;> = Zuai‘ea>
a=1

defines a new orthonormal basis of H 4, and treating V' as a unitary
matrix acting on Hp, we see that

N
1) =" vl fs)
b=1
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defines a new orthonormal basis of Hp (note that here the summation
is in the second index of v;y, so this transform actually corresponds to
VT, but that is irrelevant because the transpose of a unitary matrix
is again unitary).

With these new bases for H 4 and Hp, the state |¢) is represented as

N
) = > dijlei) @ |£)
ij=1
But remember that D is a diagonal real matrix with nonnegative

eigenvalues! Thus, d;; = 0 for i # j. Denote also p; = d?,. Then the
previous equation becomes

¥y =3 VRle) @ 1£) ™

Since we know that the state is normalized, (¢||1)) = 1, which can,
by the formula given in the problem, be expressed componentwise as

N
> vpilP =1
=1

Thus, Zij\iﬂ%‘ =1.
From Eq. (7), since |f/) are orthonormal vectors, we get

pa = Zpileéﬂeél (8)

Since {|e})} form an orthonormal basis, in that basis p, is a diagonal
matrix,

pr 0 - 0
pa=1|. . . . (9)
0 0 - py

Analogously, the density operator for system B can be written in

basis {|f/)} as

pr 0 .- 0
N 0 py -+ 0
pe=_wlifl=. . . (10)
g SRR
0 0 - »pn

Since from part (b) we have representations of p4 and pp as diagonal
matrices, their eigenvalues are just the elements on the diagonal.
Thus, reading off from Egs. (9) and (10) we see that p4 and pp have
the same eigenvalues p1,po,...,PnN.



