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(VI) The Homotopy Groups 7, (G) of Compact Connected Lie Groups G
Here the group G is one of the following:

SO0(n) (n>2), Spin(n) (n>3), U) (ax1), SUM) (n>2),
Sp(n) (n>1), G, F, E, E,, Es.

(1) The Fundamental Group m,(G).

{ w (G=U(n)(n>1), SOQ),
m(G)={2 (G=50(n) (n>3)),
10 (for all other groups G ).
(2) Isomorphic Relations (k > 2).
m(U(n) = m (SU(n)) (n>2),

< /e

/




1416 | 1417 App. A. Table 6.V1
Algebraic Topology
Continued): m (U (1)) =7, (S0 (2)) =0.
f\ m (Spin(n)) =7, (S0 (n)) (n>3),
“;— ! T (Spin(3)y =, (Sp (1)) = m (SU (2)) = m, (5?),
210 l 7 (Spin(4)) = m (Spin(3)) + m.(S?),
92‘;‘:)‘:‘;'2 . (Spin(5)) =7, (Sp(2)),
180422 ’ 7 (Spin(6)) = m (SU (4)).
72423
s 28828 | (3) The Homotopy Group 7 (G) (k> 2).
144 +23 ‘ Wz(G);O-
G ? m(G)=c (G#SO(4), m(SO(4)=c0+.
2
e 242 (G=50(4), Spin(4)),
16+22 | (G )= 2 (G=Sp(n), SU(2), SO(3), SO(5), Spin(3), Spin(5)),
16+22 ! . _ ) . .
10416420 | 0 (G=SU(n)(n23), SO(n)(n>6), Gy F, Ey E; Eg).
v 142 (G=SO(4), Spin(4)),
16+ 2
16+22 (G) (G= Sp(’l), SU(Z)’ SO (3)1 SO (5) Spm (3), Splﬂ (5)),
v =
. ’ (G=SU(n) (n>3), SO(6), Spin(6)),
8+22 0 (G= N (n)a SP’” ()1) (n > 7)» GZ’ F47 Eér E7: EB)
Lo m(G), k>6.
L,
e e e e
22~ '
nar G k|6 7 8 9 10 T 14 15
he Hopf Sp() |12 2 2 3 15 2 22 1243 84+ 22 22
ctively; and Sp(2) 0 0 0 0 ‘Il_ 120 2 _22__ _ 4+2 1680 2
generate 3 | 0 e 0 0 0 e 2 2 10080 2
nal map- Sp(4) 0 o 0 0 0 0 2 2 0 0
| SU@R |12 2 2 3 15 2 22 12+3 84422 22
he generator , SUB) |6 0 12 3 30 4 60 6 84+2 36
2 SU@ [ 0 e, 24 2 12042 4 60 4 1680+2  T2+2
SUS) | 0 « 0 ) 120 0 _ 360 4 1680 6
SU@) | 0 o 0 o 0 @ | 720 _ 2 5040+2 6
SUTY | 0 w 0 o 0 o 0 © L _5040 0 _
SUB) | 0 o« 0 o 0 o0 0 w0 0 %
SO0(5) | 0 w» 0 0 120 2 22 4+2 1680 2
SO@6) | 0 o 24 2 120+2 4 60 4 1680+2 7242
\ SoOMm | 0 o 22 22 8 w+2 0 2 252048+2  2¢
SO®B) | Oleco+oo 22 22 24+8 co+2 O 22 2520+120+8+2 27
509 | 0 o 12 22 8§  w+2 0 2 8+2 0 +2
§ SO(10)] 0 o (2 co+2 4 © 12 2 8 oo +22
| so(n| 0 o 2 2 |2 2 22 8 w0 +2
SO 0 o 2 2 0 | oo+w 2 2? 24+4 o +2
3 SO(13)] 0 e« 2 2 0 T L2 2 8 0 +2
So(4)] 0 e 2 2 0 e 0 | w0 _ 4 a
SO 0 o 2 2 0 © 0 0 L _2_ 0
‘ SO 0 o 2 2 0 %0 0 0 0 | wm+ow
o SO(IM| 0 o 2 2 0 w0 0 0 0 ©
i . G, |3 o 2 6 0 w+2 0 0 168+2 2
[ F, o 0 2 2 0 w+2 0 0 2 0
! E 0 0 0 0 0 12 0 0 e
] o 0 0 0 0 0 S 2 2 0 o
| Ey 0o 0 0 0 0 0 0 0 0 o
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(4) Stable Homotopy Groups. For sufficiently large » for fixed k, the homotopy groups for =
classical compact simple Lie groups G = Sp(n), SU(n), SO (n) become stable. We denote them
by the following notations. Here we assume k>2.

. (Sp) = me (Sp(n) (n>(k=1)/4),
v “k(U)='”k(U(n))g7Tk(SU(n)) (n>(k+1)/2),
A 7 (0)=m (S0 (n)) (n>»k+2).

Bott periodicity theorem

o (k=37 {mod?)),
m(Sp)=<2 (k=45 (mod38)),
0 (k=0,1,2,6 (mod8)).

_ Joo (k=37 (mod8)),
m(0)=2 (k=01 (mod?8)),
0 (k=2,4,56(modd)).

w (k=1 (mod2)),

W"(U)g{ 0 (k=0 (mod2)).

(5) Some Special Cases.

(a,b) means the greatest common divisor of two integers a and b.

7, (SU (1)) = nl.

j2 (= even),
WZ"H(SU(H)):{ 0 (nodd).

[ (+DI+2 (neven, >4),
72n+2(SU(ﬁ)>={ (n+1)’/2 (n Odd)
7"2,,+3(SU(;«1));{ (24,7) (n even),

(24,7 +3)/2 (nodd).

_ (n+2)!{(24, n)/48 (n even, »4),
7T2n+4(SU(n))={ (n+2)!(24, n+3)/24 (n odd).

W2n+5(5U("))§W2n+s(U(“+1))-

~ Tones(U(n+1)) (n=2,3 (mod4), n>3),
”2"*6(SU("))={w2"+6(u(n+1))+2 (n=0,1 (mod4)).

_ (2n+1)!  (neven),
”‘"”(SP("))={ 22n+ 1) (nodd).

Tanse3(Sp(n))=2.

rentm=}" )

- (24, n+2)+2 (n even),
W“"”(SP(")F{ (24, n+2)  (nodd).

~ (2n+3)!(24,n+2)>/12 (n even),
W‘"”’(Sp(")):{ (2n+3)1(24, n+2)/24  (n 0dd).

Tans+7(Sp (M) =2.
774n+8(SP("))22+2'




