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We would like to find the equations analagous to the Kuler-Lagrange equa-
tions for a functional of the form

Tl = [ Fly, o,y o).

i

First, we find the variation of T with respect to changes in y:
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This expression can be simplified using integration by parts and the van-
ishing of y and %' at z; and z;. In particular, we have
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These can be substituted into ﬂie‘.'above expression for 7 to give
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which when set to 0 for arbitrary y requires that
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a) Using the constraint to eliminate z, we find that

flz,y,2) =z +y+2(a® — 2% — yg)%.
Differentiating with respect to = and y and setting the derivatives equal
to zero yeilds
of

Hp = 1F 2:1:(&2‘:_— z% — yz)"% =0
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which are satisfied iff % = & and y* = %

The largest value of f glven by points that satlsfy these equa.txons is
acheived when z = vf, Y= and f=z+y+2(a—2 —y2)2 The value

f takes on at this point is a\/_ To check that this i 1s 1n fact a mammum it
is also necessary to show that f <0, 8 a { <0and & 61:2 ay —( 8983:) >0 at
this point.

b} Here we maximize g(z,y,2) = z+y -+ 2z — Ma — (22 + 2 + #2)7) with
respect to z,y and z:
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The first three equations can be combined to give z = 5%, y = I,

z = =2, which can then be subsmlted into the fourth to get A = :i:\/—
which in turn gives & = 5%, y = %, z = +22 24 The sign of lambda can
be determined by checking which choice gives the 1argest value of f. The
result is that f is maximized at z = w%, Yy = %, z = \/é, where it takes on

the value fines = av/6. We see immediately that 9mes — man = V6 = —)
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a) We would like to minimize the gravitational potential energy of the rope,

o
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subject to the constraint
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Thus, we extremize the functional
i N i
U* = —f ’ pgy(1+ %) idz —}-,}\(L — f ’ (L + %) de)
—EQ : =g

= - / (ugy + N (1 +¢%)3 + AL = f F(y,y)dz + AL
2o
Since

oF

(142
% wg(1+47)

and



or _ (A+ugy)y
1

' (L+y?)
the Euler-Lagrange equations give
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which can be simplified to
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b} Now check that y(z) = a(cosh(Z) — cosh(Z2)) is a solution to this
equation. :

Substituting .
Yy = sz'nh(a)
and 1
y' = ~cosh(£c—)
a a

turns the equation from a) into
cosh(%) = 1cosh(f)(i + acosh(") — acosh(Z2))
a’ g a’ug a a’’
which is satisfied iff ﬁ} = acosh(2).
The value of a can be determined using the constraint
T T
L=["(+@)idz = / * cosh(Z)dz
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o o0
_2asmh(a).



