Problem 1 - Polar and Spherical Coordinates
a) /2

z = reos(0 + wt)

y = rsin(f + wt)
Differentiating these definitions, we find that

& = teos(8 + wt) — r(0 + w)sin(f + wt)
i=F —r(f + w))cos(d + wt) — (2H{0 + w) + r8)sin(0 + wt)
and

ij = — (0 + w))sin(0 + wt) + (2+(0 -+ w) + r0)cos( + wt).

In terms of & and y, the equations of motion are m# = —2Y¥ and mjj =

Bz
H%‘é, which when written in terms of r and # become

. " i 2 . (A o or oV oV
mi = m(F—r(0+w)?)cos(0-+wt)—m (27 (0+w)+r) sin(0+wt) = ~Bw ar = cos(f + wt)—{)‘?

= m{i—r (9 +w)?)cos? (6 _Hut)_m(gfté}uj)-Eréf)sin(9+wt)cos(9-§—wt) = —coﬁ(ﬂ—l—mﬂ%{'

and similarly for y,

m(F—r (§-+w)?)sin(0+wt)+m(27 (6-+w)+rd)sin(0+wt) cos(0-+wt) = —sz'nz(é?-l—wt)%.

Now, if we add these two equations, we get

m(F — (0 + w)?) = ———.

Dividing the first by cos?*(8 + wt) and the second by sin®(f + wt) and
subtracting, we get



» . sin(f + wt)  cos(f + wt)
M2+ w) + 1O e ron T sin(e < wl)

) =0

= %0+ w) +rf = 0.

b) /2
Tt is much easier to find these equations using the Lagrangian approach.
Since

& = teos(6 + wt) — (6 + w)sin(f + wi)

i = rein(f + wt) +5(0 + w)cos(f + wt),
we have _

i® + 9 =7 4 r2 (0 + w)
Thus, the Lagrangian of the system is
m _

2
and the Euler-Lagrange equations are

v _ 9L d 8L

L= 20 +97) ~ V() =26 + 20 + ) - V),

: 2 _ge oL, .
mr{0 +w) or or dt( o+ ) =mi¥
and 8L d .8L. d
=—=—(—=)=— 2( .
=50 " @) w0 tw)

Using the product rule on the last line casts the equations in the same
form as in part a).

c) /1 Now, o

2 = rsinfcose

y = rsinlsing
z = rcosh.

Along the same lines as in part-b), we can calculate &, ¢ and 2 in terms
of r,0 and ¢. This yeilds



82+ 9% + 22 =7 + 170" + r7sin’0¢,
so that the Lagrangian in terms of 7,/6 and ¢ is

L= %(7‘2 + 1207 + r2sin04%) — V(r).
The Euler-Lagrange equations are then:

ov
or’

E(rnr"z.‘sfinzﬁ cop) =0,

mit = mr(8* + sin04%) —

dit
and J

%(mr%}) = T'Qq'izsinﬂcosﬂ.
Problem 2 - Oscillating Disk
a) /2 o

Let @ be the angle of rotation around the disk’s center, chosen so that
the point mass at its edge is in contact with the inclined plane when 8 = 0.
Then, the position of the center of the disk is given by 4 (0.0) (zD \E} )
. , - N P

zp = Rlcosd
yp = —RlOsing,

while the position of the point mass is
Tpoint = Tp — Rsin(f + o)

Ypoint = Yp — Reos(f + ¢).
The Lagrangian is thus

O(ff-’**f, H—[wnt)

M, 5 g 1 s m, .y
L= ?($D2 + yDQ) + "2"ID92 + E(wpointz + ypointz) — MGYpoint — Mayp

] .
= (BAiR +mR*(1 — cost))6” + (m + M)gRsing + mgRcos(0 + ¢).
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So, the Euler-Lagrange equatigns give
0L o
dt 89’ 90

d, 3MR®
E(z(_ 1

+mR*(1—cos0))8) = (m-+M)gRsing—mgRsin(0+¢)-+mR2sin00*
#. .
mstz'n992+(2(3MR2+mR2(1—c030))€5—— (m+M)gRsing—mgRsin(0
1 = gRsing—mgRsin(0+¢)

b) /1

To find the value of # when there is an ethbrzum we look for solutions
of the equations of motion with § = =0 and g = 0. Substltutmg this condition

into the above equations yeilds - ‘ LR

M
m+ sing,

(m + M)gRsing = mgRsin(f + ¢) = sin(fy + ¢) =

which can only be satisfied if |3m¢i < s Thus, if ¢ is smaller than
sin~' (;2%7), there is an equlhbnum at

sz'nqz‘:) — ¢.

B = sz‘n‘l(
c) /2
To find the frequency of small oscillations about equilibrium, we must
expand the equations of motion about f:

mR?sin(0; + 8) (0, Nt 5)2 + (2(@%5% + mR*(1 — cos{By + 8))) {6, +6)

= (m+ M)gRsing — ngsin(Go + 68+ ¢)
RN ¥
= S

mE(sin(0o) + cos(86)8)42 ((@1'*’—1?—+ mEA(1 — cos(0a) + 5in(0e)5))) =

(m-+M)gRsind—mgR{(sin(0y+¢)+cos(0g+d)d)

4



(2(?“%2]?‘2 + mR*(1 — cos(0))))8 + mgR(cos(8y + ¢)8) = 0

mgRecos(0y + &)
2(3ME | mR2(1 — cos(0o)))

So, the frequency of small oscillations about equilibrium is given by

6=0.

6+

’_ mgRcos(g + §)
2(BMF 4 mR2(1 — cos(00)))

W

Problem 3 - Falling off a wire
/B

Choose variables 6, the angle to the vertical of the ball’s center, and r,
the distance of the ball’s center from the wire.

The Lagrangian of the unconstrained system is then

M 1,
> 2+ 5192 — mgrcost,
where I = Mr%+ 2ZMR? is the moment of inertia of the ball about the
origin.
Tn order to impose the constraint r = R, we add a Lagrange multiplier term:

M 1
L="—7%4+ (Ms*
27‘ +2( 7

The equations of motion are

2

5MR2)92 — mgrcosf + A(r — R).

Mr6*-mgeosd +) = M,

9 . .
mgrsind = (Mr? -+ EMRQ)H + 2Mri0

and



e

For our question, the first and third equations are relevant, and can be
combined to give .
A = M(gcost — RE?).

We would like to find 8 such that A = 0, to find the angle where the ball
loses contact with the wire. As mentioned in the hint, we can use conserva-
tion of energy to find # as a function of 4.

While the ball is in confact with the wire, the energy is conserved, and, in
particular, is equal to the initial potential energy of the ball. In other words,

MgR = »I%MRQé? + MgRcosb),
so that o |

10g

0* = 5 ( — cosf).

This means that

A= M(gcosﬁ_‘; Ep,fg(l — cos)) =

has the soluti
as the solution oo = 10
T

That is, the ball loses contact with the wire when 8 = cos™ ({3).

Problem 4 - First Integral
/5

First note that if L satisfies the Euler-Lagrange equations, then
d L., dL Ok oL  , d 9L

L Vo) = Y gy TV (G Gy
_dr 8L 8L
“dz Yoy (ay)



_ o
"~ 0z
So, if L doesn’t depend explicitly on 12:, L—y % = (. In the case of the
brachistochrone, I, = (1 + y™@)7(—2gy) T doesn’t depend explicitly on z, so
we have

12

1 =1 Yy
1+57)3 (—2gy)7 — =C
( ) (~299) (—20y(1 + )%
1 1
A L 3






