Problem 1 - Galilean Relativity

Here we consider a system of particles with positions @, that has the property
that V(z,) = V(|#, — @5|). That is, the potential depends only on the
differences between particles’ positions. In order to see that the infinitesimal
transformation
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is a symmetry, calculate
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So, since 4L is a total time derivative, the transformation is a symmetry.
The conservation law associated with this symmetry is
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where M = ¥, m, is the total mass of the system and Xop = 37 Lo MaZa
is the position of the center of mass.
Written in this way, we see that the conserved quantity is just the total
momentum of the system.



Problem 2 - Precession of Mecury

a) Recall that for a central field, the effective potential is U(r) = V (r) + 5’%
Thus, the Lagrangian of our system is
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and the equations of motion are
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First, lets figure out what 7y is in terms of [. For a circular orbit, # = 0,
so the equations of motion are simply
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which implicitly defines ry.

Now, we can define a new variable, ér, such that r = rqy + ér. The
equations of motion are then
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where in the last line we used
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Simplifying further, we end up with

~12 2k ,
_~m2’f'§ -+ ;n—lrjg(’l)(’/'o) + —To¥ (7‘0)))57‘

or = (
= —(wi + —ni—fﬁ(v(ro) + =1 (70)))dr

— 2
= —UJT 6'r.

So,

2k
wp = wp — wy = wy(l — \/1 + W(U(To) + =10’ (79)))

+1 k
= —J;;nTg(v(ro) — 7o' (10))

= twp((v(ro) — 70v' (10)).

b) From part a), we have w, = wp(rov'(ry) — v(ro)), where wy = Tl
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For this problem, we have k = GMm, 7o = g3, V(1) = sgatomz = 548

So,
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Substituting the numbers given in the problem, this results in a precession
rate of 41.2 seconds per century. Correcting for the eccentricty of Mercury’s
orbit gives a revised estimate of 43.0 seconds per century.




Problem 3 - To Paris in a Hurry

We would like to minimize the travel time with respect to r(#), which is given
by
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Now, ds = /7% + (r')2d#,
and by conservation of energy,
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Here V(r) is the gravitational potential of a particle inside the earth:
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Since the integrand doesn’t depend on 6 explicitly, we know that
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Simplifying this a little give us
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where D is a constant.




