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We show that quantum entanglement can provide an exponential advantage in learning properties of a
bosonic continuous-variable (CV) system. The task we consider is estimating a probabilistic mixture of
displacement operators acting on n bosonic modes, called a random displacement channel. We prove that if
the n modes are not entangled with an ancillary quantum memory, then the channel must be sampled a
number of times exponential in z in order to estimate its characteristic function to reasonable precision; this
lower bound on sample complexity applies even if the channel inputs and measurements performed on
channel outputs are chosen adaptively or have unrestricted energy. On the other hand, we present a simple
entanglement-assisted scheme that only requires a number of samples independent of n in the large
squeezing and noiseless limit. This establishes an exponential separation in sample complexity. We then
analyze the effect of photon loss and show that the entanglement-assisted scheme is still significantly more
efficient than any lossless entanglement-free scheme under mild experimental conditions. Our work
illuminates the role of entanglement in learning CV systems and points toward experimentally feasible
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demonstrations of provable entanglement-enabled advantage using CV quantum platforms.
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Quantum science and technology hold promise to revo-
lutionize how we understand and interact with nature,
enabling computational speedups [1], classically impossible
communication tasks [2,3], and measurements with unprec-
edented sensitivity [4—6]. Rapid progress during the noisy
intermediate-scale quantum era [7] has brought these prom-
ises closer to reality, but the challenge remains to demonstrate
a rigorous quantum advantage for practical problems.

Over the past few years, there has been ongoing
theoretical and experimental progress in exploring quantum
computational advantage [8—16]. Another recent line of
research seeks quantum advantage in learning [17-24],
revealing that access to quantum memory enables us to
learn properties of nature more efficiently. Specifically,
Refs. [18,19] establish a framework for proving exponen-
tial separation in sample complexity between learning with
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and without a coherently controllable quantum memory. In
contrast to its computational counterpart, this entangle-
ment-enabled advantage in learning can be proven without
invoking computational assumptions and can sometimes
be more experimentally accessible. A proof-of-principle
experiment has been conducted on Google’s superconduct-
ing quantum processor using 40 qubits [18].

Most learning tasks studied so far are restricted to discrete-
variable (DV) systems. It is natural to ask whether entangle-
ment-enabled advantage can also be realized for learning
properties of bosonic continuous-variable (CV) systems.
This is particularly important because CV systems are
ubiquitous in nature and have many applications in quantum
information science, such as quantum sensing [6,8,25-27].
However, generalizing the results in DV systems to CV sys-
tems is challenging because bosonic systems have infinite-
dimensional Hilbert spaces, complicating rigorous
complexity analysis of learning. Recent progress has been
achieved in studies of entanglement-enhanced learning of
CV-state characteristic functions [28]; however, the lower

© 2024 American Physical Society
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bounds obtained so far apply to a restricted class of learning
strategies rather than to general entanglement-free schemes.
There have also been recent works studying applications of
statistical learning theory to CV systems [29-31].

Characterizing displacements applied to CV systems has
many applications, including force sensing [32], dark
matter search [33-35], gravitational wave detection [36],
and Raman scattering spectroscopy [37]; therefore this task
has drawn substantial recent attention [38,39]. In this
Letter, we rigorously establish an entanglement-enabled
advantage in learning a probabilistic mixture of n-mode
displacement operations, called a “random displacement
channel.” Specifically, we prove that any schemes without
ancillary quantum memory (i.e., entanglement-free) require
exponentially many samples in n to learn the channel’s
characteristic function with good precision and high
success probability. In contrast, we present a simple scheme
utilizing entanglement with ancillary quantum memory
(i.e., entanglement-assisted) that can achieve the same
learning task with sample complexity independent of n,
given access to two-mode squeezed vacuum (TMSV) states
with sufficiently large squeezing parameter and Bell
measurements (BMs). This establishes an exponential
separation between learning with and without entanglement
in the bosonic system (see Fig. 1).

Notably, our entanglement-assisted scheme achieves an
exponential advantage using only Gaussian input state
preparation and measurements that are experimentally
feasible. Furthermore, we demonstrate the robustness of
the entanglement-enabled advantage under realistic exper-
imental conditions by analyzing the effects of photon loss,
phase noise, and crosstalk, the most common noise sources
in optical platforms, suggesting that for squeezing param-
eters and noise rates achievable in a state-of-the-art experi-
ment, the advantage remains significant and thus can be
realized shortly.

For DV systems, existing techniques for proving quan-
tum advantages in learning typically involve characteriz-
ing the hardness of distinguishing a given state or channel
from the maximally mixed state or completely depolariz-
ing channel [17-19,23]. These states and channels are

FIG. 1. Schemes for learning an n-mode random displacement
channel A. (a) TMSV + BM, a specific entanglement-assisted
(EA) scheme. (b) General entanglement-free (EF) scheme. See
main text for more details.

ill-defined for CV systems; therefore we needed a different
approach to establish an entanglement-enabled advantage
without making reference to unphysical states (see the proof
of Theorem 2). Another distinctive feature of our results is
that our entanglement-free lower bound (Theorem 2) holds
even for schemes that use input states with arbitrarily high
energy (i.e., occupying an arbitrarily large Hilbert space),
while the entanglement-assisted upper bound (Theorem 1)
only uses finite energy input states.

Problem setup—We consider the task of learning an
n-mode random displacement channel characterized by a
probability distribution p(a) with @ € C", which transforms
an input state p as

AQ) = / a p(@)D(@)pD (a). (1)

where D(a) :==®"_, D(a;) and D(a;) = exp(a;a] — a’a;)
is the displacement operator for the ith mode. It can be
equivalently described by the characteristic function of
p(a), ie., its Fourier transform, as [see Supplemental
Material (SM), Sec. S1 [40] for the derivation]

AG) = [ @papTp DRID' B, (@)

Ap) = / d*a p(a)e /. (3)

Here, because of the Fourier relation, 4(3) with a large f
contributes to rapidly oscillating p(a). Since the domain of
p is infinite, we will focus on a restricted finite domain
specified later. The goal is to learn the channel by
estimating the characteristic function A(f); this is distinct
from identifying a particular displacement drawn from the
distribution p(a). The value of # of A(f3) to be estimated is
revealed only after all measurements are completed.

We focus on the separation between two types of
learning schemes for the random displacement channel
distinguished by whether the scheme uses entanglement
between the system and an ancilla (see Fig. 1). Throughout
this Letter, we define an entanglement-free scheme as being
both ancilla-free and concatenation-free, i.e., the channel’s
output is measured destructively after each channel use.
However, it is allowed to be adaptive; for each channel use,
the input to the channel and the measurement may depend
on measurement outcomes obtained in earlier rounds. This
scenario is similar to Refs. [17,22]. Several recent works
have obtained lower bounds on learning DV channels that
hold even with concatenation [23,47,48], but for simplicity,
we focus on concatenation-free schemes.

Schemes—Now, we present an entanglement-assisted
scheme (see Fig. 1) inspired by the Pauli channel learning
proposed in Ref. [23]. Consider an n-mode random
displacement channel Ap acting on the n-mode system
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B. To learn this channel, we prepare n CV Bell states with a
finite squeezing parameter r, i.e., TMSV states, and half of the
states go through the channel while the other half stays in
quantum memory. Finally, we measure the output state by CV
BMs, implemented by passing through 50: 50 beam splitters
and performing homodyne measurement on output ports
along different quadratures [27]. Formally, the BM positive
operator-valued measure element labeled by {{ € C" } has the
following form: [I ® D(¢)]|¥)(¥|[I ® D'(¢)]/x"; here,
|¥) denotes the tensor product of n infinitely squeezed
TMSV states, each proportional to ) ¢, |k)|k) when
expressed in the Fock basis. To see how to learn a random
displacement channel using this TMSV + BM scheme, we
invoke the probability of obtaining outcome ¢ from BM (see
SM, Sec. S2A [40] for the derivation),

1 e
pEA (C) - ﬂzn/ dznal(a)e_e 2 ‘(llze(ﬂé’ 4‘1( ) (4)

Fourier transforming to invert this relation, we obtain
2D =V [ @ pa(Qe I e g (). (5)

This expression indicates that given N outcomes {)}¥
from the TMSV +BM scheme, A(f) = (1/N)e¢ 1P x
STV e€7"PP'CY i an unbiased estimator of A(f). Note that
the same set of samples can be used to estimate A(f3) for
different values of f just by modifying the estimator. Using
the Hoeffding’s bound, we prove the following theorem (see
SM, Sec. S2A for the proof).

Theorem [—For any n-mode random displacement
channel A, after the TMSV + BM scheme with squeezing
parameter r has learned from N copies of A, and then
received a query € C”, it can provide an estimator A(f3) of
A’s characteristic function A(f) such that |1(8) — A(8)| < e
with probability at least 1 — ¢, with the number of sam-
ples N = 8¢2¢ "IPFe210g 457"

In Theorem 2 below we formulate a lower bound on the
sample complexity for general entanglement-free schemes.
First, though, let us compare the entanglement-assisted
TMSYV + BM scheme with a particular entanglement-free
scheme that uses the vacuum state as input and heterodyne
detection (Vacuum + Heterodyne). Here, heterodyne
detection is defined as a projection onto the (overcomplete)
basis of coherent states, i.e., |)(¢|/#" with { € C". This
specific scheme helps us to understand the limitations of
more general entanglement-free schemes that are captured
more fully by Theorem 2.

In this scheme, the probability of obtaining the outcome
¢ is (see SM, Sec. S2B [40])

1 il + 2
pVH(g) - ﬁ/dznal(a)ea ¢ ae—la‘ . (6)

In fact, the Vacuum + Heterodyne scheme can be under-
stood as the TMSV + BM scheme with » = 0. Inverting
this relation by Fourier transforming, we again express the
channel’s characteristic function by the measurement prob-
ability distribution

Ap) = elr /dzrf PVH(C)egT/}_/ﬁg = eWﬁVH(ﬂ)a (7)

which yields another unbiased estimator 1() := (1/N)elf" x
STV £ given N outcomes {¢(}Y . Comparing
to (5), the r-dependent prefactor is missing from (7).
Specifically, if we confine f to |f]> < xn with a constant
k > 0, we obtain upper bounds on the sample complexity for
achieving an error € with success probability 1 — § using each
scheme,

Npa = 0(27 2 1og 571,
NVH = O(€2Kn€_2 IOg 5_1). (8)

In particular, if we choose r = Q(log n), the sample com-
plexity of the entanglement-assisted scheme becomes inde-
pendent of the number of modes 7, while our upper bound on
that of the entanglement-free scheme increases exponentially
with n. Since the accessible squeezing parameter is bounded
in practice, though, we will consider the sample complexities
for constant r below.

To illustrate the difference, we compare the two strat-
egies with a single-mode example, characterized by

2 2
pla) == e 271 [cos (a,r; — ay,) + sin (a7, + airy)].
T
)
2 2 2 2 2
ﬂ(ﬂ) = e_% —|—£e V}z,xyzl —|—lg V}ZJ};‘ —le ijé‘ —le \/f;;\ ,
4 4

(10)

withe =0.3,y, = 1.6,y; =0(y ==y, + iy;), and r = 2 for
the TMSV + BM scheme. Figure 2, presenting the under-
lying output probability distributions and their character-
istic functions from Eqs. (4)—(7), clearly shows that in the
TMSV + BM scheme with a sufficient squeezing param-
eter, the resultant probability distribution and characteristic
function are almost identical to the ideal case. However, for
the Vacuum + Heterodyne scheme, the vacuum noise
distorts the initial probability distribution so significantly
that we cannot see the signal clearly, making it harder to
estimate the original characteristic function.

Lower bound—Our upper bound on the sample complex-
ity of the Vacuum + Heterodyne scheme scales exponen-
tially with n. Can this scaling be improved using more
advanced entanglement-free schemes, such as general-dyne
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(a) True distribution

p(a) A(B)
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(b) Entanglement-assisted
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2
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FIG. 2. Comparison between (a) the true distribution,
(b) TMSV +BM, and (c) Vacuum + Heterodyne strategies.
The left panel represents the true probability distribution or
the measurement outcome probability distribution for each
scheme [Egs. (4), (6)]. The right panel represents the character-
istic function of the corresponding distributions [Egs. (5), (7)].

detection or photon-number resolving measurements [49],
or by non-Gaussian resources like Gottesman-Kitaev-
Preskill states [50]? Here, using information-theoretic
methods, we prove an exponential sample complexity
lower bound for any entanglement-free scheme. This
highlights the indispensable role of entanglement for
efficiently learning random displacement channels. Our
result is as follows.

Theorem 2—ILet A be an arbitrary n-mode random
displacement channel (n > 8) and consider an entangle-
ment-free scheme that uses N copies of A. After all
measurements are completed, the scheme receives the
query # € C" and returns an estimate () of A’s character-
istic function A(f3). Suppose that, with success probability
at least 2/3, |A(8) — A(B)| < e < 0.24 for all # such that
|B]> < nk and all A. Then N > 0.01e72(1 + 1.98x)".

Here, the choice of success probability 2/3 is arbitrary
and can be easily amplified. Comparing with the entangle-
ment-assisted sample complexity given in Eq. (8),
Theorem 2 establishes a separation exponential in n for
cutoff coefficient x = O(1) and squeezing parameter
r = Q(log n). The intuition underlying this theorem is that
displacement operators do not generally commute with
each other. Consequently, entanglement-free measurements
can resolve A(f3) for only a small portion of § space. We

sketch the proof below and leave the full details to SM,
Sec. S3 [40].

Proof sketch—We begin by defining the following
family of “3-peak” random displacement channels,
ASTea = {As},ecr» Whose characteristic functions and
distributions of displacement are, respectively,

_Is? _lr? _pr2

A(B) = e 2 4 2iege” 2 —2iege” 7,

(11)
py(a) o< 2711 + degsin2(yia, = y,a)l}. (12)

with positive parameters ¢ and € := 0.98¢,. Note that the
channel with ¢ — 0 and y = O resembles the completely
depolarizing channel used in Refs. [18,23], which outputs
the maximally mixed state in the infinite-dimensional
Hilbert space, o > % |k)(k|, that is mathematically ill-
defined and thus unphysical; however, because o is strictly
larger than zero throughout the proof, the channels are well-
defined. We will show that, even with the prior knowledge
that the channel is from this family, it is still hard for
entanglement-free schemes to achieve the learning tasks.

The key idea is to reduce learning to hypothesis testing.
Consider the following game between Alice and Bob. Alice
chooses one of two hypotheses with equal probability:
(1) Set A= Agy; (2) Set A=A, for y sampled from a
Gaussian distribution whose variance is determined by «.
Next, Alice allows Bob to use the channel A N times, and
Bob uses any entanglement-free schemes to learn from
these channel uses. After Bob has finished all quantum
measurements and keeps only classical data, Alice reveals
some auxiliary information to Bob, and Bob then decides
whether Alice has chosen (1) or (2).

Using a learning scheme satisfying the assumptions of
Theorem 2, Bob can guess correctly with high probability;
Thus, the outcome distributions of Bob’s scheme under
hypotheses (1) and (2) must have a large total variation
distance (TVD). Meanwhile, we prove that the contribution
from each use of A to the TVD is exponentially small using
a new technique inspired by Ref. [51], which derived the
maximum fidelity of Gaussian random displacement chan-
nels. Therefore, the number of channel uses N must be
exponentially large to ensure a large TVD, which gives us
the desired lower bound on the sample complexity. [

Effect of noise—Now, for practical applications, we
analyze the effect of dominant noise sources in optical
platforms on the entanglement-assisted scheme and dem-
onstrate its robustness against them, implying that the
advantage is realizable shortly. We discuss the photon-loss
effect in the main text, while phase diffusion and meas-
urement crosstalk are covered in SM, Secs. S2D and E.
Photon loss transforms the relevant bosonic operator a to
VTéa + /1 =Te, where T is the transmission rate and & is
the environmental mode, i.e., 1 — T is the loss rate. We
consider two different places where the loss occurs: one is
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(a) Comparison of TMSV + BM (with different loss rates), Vacuum + Heterodyne, and the entanglement-free lower bound at

k = 1. The task is to estimate any A(f) such that ||> < xn with precision & = 0.2 and success probability 1 — & = 2/3. The orange
region represents a rigorous advantage over all entanglement-free schemes. The blue region represents an advantage over noiseless
Vacuum + Heterodyne. (b) Comparison of the TMSV + BM scheme with squeezing parameter » = 1.0 and loss rate 1 — 7" = 0.1 with
the entanglement-free lower bound of Theorem 2. (See SM, Sec. S3A, for further practical considerations.) The task is the same as (a).
The brown solid contour lines represent the sample complexity of TMSV + BM given by Theorem 3. The blue dashed contour lines
represent the ratio of sample complexity between the entanglement-free lower bound and TMSV + BM, indicating the entanglement-

enabled advantage.

before applying the channel with loss rate 1 — 7', to model
the preparation imperfection, and the other is after applying
the channel and before the perfect BM with loss rate
1 — T,, which models an imperfect BM [27]. As before, we
derive the relation between the measurement probability
distribution and the characteristic function of the channel
(with appropriate rescaling of the phase),

A(B) = eI /Lpngploss(c)e@*ﬁ—ﬂ*é)/m’ (13)

where we define an effective squeezing parameter

| 1-T,
Veff = —Elog <Th€_2r + (1 - Th) + T ), (14)

a

which incorporates the loss rates. Because loss degrades the
advantage from squeezing, the upper bound on sample
complexity in Theorem 1 is modified as follows (see SM,
Sec. S2C, for the proof).

Theorem 3—For the same task as in Theorem 1, a
TMSV + BM scheme with squeezing parameter r and
transmission rates before and after the channel 7, and
T, respectively, can estimate any A(f) to error ¢ with
success probability 1 — 6 using the number of samples
N = 8¢ "IPe=210g 457", where r.; is defined accord-
ing to Eq. (14).

Thus, when |B|>? <kn with a constant x> 0,
T,=1-0(/n), T,=1-=0(1/n), and r = Q(logn),
the sample complexity becomes N = O(e72logé™') as
in the lossless case. For practically relevant squeezing

and including loss prior to BM, we compare the sample
complexity for the lossy TMSV + BM protocol and the
lossless entanglement-free lower bound in Fig. 3, finding a
significant entanglement-enabled advantage in realistic
experimental settings. Specifically, for reasonable param-
eter choices such as squeezing parameter r = 1, loss rate
10%, and x = O(1), we can achieve a factor of 10* (10%)
advantage for around n = 30 (60) modes. Although the 10°
number of samples required to achieve the advantage seems
large, the state-of-the-art quantum optics experiments (e.g.,
Refs. [52,53]) can attain such number of samples in a
reasonable time with high sampling rate up to 160 GHz.

Discussion—We proved that schemes exploiting entan-
glement with an ancillary quantum memory can learn
n-mode random displacement channels with exponen-
tially fewer samples compared to entanglement-free
schemes. Our proof technique generalizes the informa-
tion-theoretic framework for learning studied in DV
quantum systems [17,19] to the CV setting. We anticipate
that many other results concerning DV systems can be
generalized using similar methods to CV learning tasks,
such as learning CV quantum states or other CV channels.
Also, our analysis suggests that the separation in sample
complexity between entanglement-assisted and entangle-
ment-free protocols may soon be realized experimentally.

Besides their theoretical interest, random displacement
channels can be practically relevant in, e.g., modeling noise
in bosonic systems. As in qubit cases [54], we expect that
noise tailoring methods can transform more general noise
models into random displacement channels; therefore effi-
ciently learning random displacement channels can be
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useful for benchmarking CV quantum systems [39,55,56]
and error mitigation.

Displacement estimation is also studied in quantum
metrology (see, e.g., [57-59]). A task often considered
in metrology is learning an unknown unitary displacement
or phase transformation acting independently on each
mode [52,58,60-63], whereas the task analyzed in this
Letter is learning an unknown mixture of multimode
displacements. Furthermore, while the goal in metrology
is typically to learn one or a few parameters, in our case,
the parameter space is very large. Therefore, the method-
ology in the two settings is quite different. Connections
between metrology and bosonic channel learning are
worthy of further exploration.
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