
Nature Physics

nature physics

https://doi.org/10.1038/s41567-025-02781-4Article

Local minima in quantum systems
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Finding ground states of quantum many-body systems is known to be 
hard for both classical and quantum computers. Consequently, when a 
quantum system is cooled in a low-temperature thermal bath, the ground 
state cannot always be found efficiently. Instead, the system may become 
trapped in a local minimum of the energy. In this work, we study the problem 
of finding local minima in quantum systems under thermal perturbations. 
Although local minima are much easier to find than ground states, we show 
that finding a local minimum is hard on classical computers, even when the 
task is merely to output a single-qubit observable at any local minimum. 
By contrast, we prove that a quantum computer can always find a local 
minimum efficiently using a thermal gradient descent algorithm that mimics 
natural cooling processes. To establish the classical hardness of finding 
local minima, we construct a family of two-dimensional Hamiltonians 
such that any problem solvable by polynomial-time quantum algorithms 
can be reduced to finding local minima of these Hamiltonians. Therefore, 
cooling systems to local minima is universal for quantum computation 
and, assuming that quantum computation is more powerful than classical 
computation, finding local minima is classically hard but quantumly easy.

Finding ground states and other low-energy states of quantum 
many-body systems stands as a cornerstone challenge in physics, 
materials science and chemistry. To tackle this problem, researchers 
have developed an array of powerful computational methods. These 
include density functional theory1,2, quantum Monte Carlo3–5, vari-
ational optimization with tensor network ansatzes6–12 or neural network 
ansatzes13–15, and data-driven machine learning approaches16–19. These 
methods, which can be implemented using classical computers, work 
well for many physically relevant problems but fail badly in other cases.

Quantum computers offer a promising avenue for efficiently find-
ing ground states in cases that are intractable for classical methods. 
However, conclusively identifying such cases presents its own set of 
challenges. Even when known classical methods falter, ruling out all 
possible classical approaches remains difficult. Moreover, finding 
ground states of local Hamiltonians is known to be QMA-hard20,21, 
suggesting that this task is intractable even for quantum computers 
in some quantum many-body systems. Indeed, all known quantum 

algorithms for the ground-state problem22–29 are computationally 
inefficient for some quantum Hamiltonians.

If finding ground states is hard for quantum computers, the task 
must be hard for Nature as well, if Nature can be efficiently simulated by 
quantum computers. In our search for physics problems in which quan-
tum computers might demonstrate an advantage over classical coun-
terparts, we should look to Nature for guidance. With this perspective, 
we observe that when a quantum system is placed in a low-temperature 
thermal bath30–34, it seeks a local minimum of energy, which may be far 
from the global minimum. This phenomenon is particularly evident 
in certain physical systems, such as spin glasses35–38, where finding 
a ground state is notoriously hard. In these cases, the system, when 
cooled, almost always finds a local minimum instead of the ground 
state. Consequently, the ground state of the Hamiltonian becomes 
physically irrelevant, as it is unlikely to be observed in experiments.

This perspective encourages us to formulate and study a physically 
motivated alternative to the ground-state problem, which we refer to 
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perturbations that arise from perturbing the states using few-qubit 
gates, as may arise from a quantum computing viewpoint. These two 
types of perturbations yield distinct energy landscapes, as illustrated 
in Fig. 1, leading to vastly different computational complexities for the 
task of finding a local minimum. Indeed, we will see that, in contrast to 
thermal perturbations, finding a local minimum under local unitary 
perturbations is classically easy.

Local minima under thermal perturbations
In this section, we consider local minima under thermal perturbations 
induced by a heat bath, as formally defined in Supplementary Informa-
tion Section 2.2. Our starting point is a Markovian model of Nature’s 
cooling process, a cornerstone in the study of open system thermody-
namics (for example, ref. 32). When the coupling between an n-qubit 
system and a thermal bath is weak and the bath is memoryless, the 
complex joint system–bath Hamiltonian dynamics simplify to a Mark-
ovian Lindbladian evolution of the system alone, ρ(t) = eℒt[ρ], where 
ℒ is a continuous time generator. We focus on a modern variant33 of 
the prototypical Davies generator44, which has a quantitative depend-
ence on the system–bath parameters and desirable analytic and algo-
rithmic properties. Although there is flexibility in choosing the 
Markovian generator, many alternatives have been derived with limited 
physical rigour or lack a Lindbladian structure45–48. For our purposes, 
the continuous time generator ℒ can be defined by merely the system 
Hamiltonian H, the jump operators Aa through which the bath interacts 
with the system and the thermodynamic properties of the bath: inverse 
temperature β and a characteristic timescale τ. Usually, Aa are local 
operators such as single-qubit or two-qubit Paulis. See Methods for an 
explicit description of ℒ and Supplementary Information Section 1.3 
for more details. Under these assumptions, we may effectively consider 
a thermal perturbation of n-qubit state ρ to be

(thermal perturbation) ∶ ρ → exp (
m

∑
a=1

αaℒβ,τ,H
a ) (ρ), (2)

where ℒβ,τ,H
a  is the thermal Lindbladian associated with each jump 

operator Aa acting on a few qubits, m = poly(n) is the number of jump 
operators, and α = ∑a αaêa ∈ ℝm

≥0  is a non-negative vector close to 
zero, where ̂ea is the unit vector along the a-th coordinate and αa is any 
non-negative real number. Here, the vector is non-negative because 
thermodynamic processes are generally irreversible. The irreversibil-
ity in thermal perturbations is crucial for ensuring that there are fewer 
than doubly exponentially many local minima in the energy landscape 
(see the discussion in Supplementary Information Section 3.3).

We define a local minimum under thermal perturbations to be a 
state ρ with the minimum energy tr(Hρ) under the thermal perturba-
tions given by equation (2). Given the definition, we next study the 
tractability of finding a local minimum under thermal perturbations. 
Our complexity-theoretic results show that finding local minima under 
thermal perturbations is both quantumly easy and classically hard, the 

as the local-minima problem. We ask: How tractable is the problem of 
finding local minima of the energy in quantum systems using classical 
and quantum computers?

We address this question by proving that a machine capable of 
cooling any system to local minima is a universal quantum computer. In 
other words, by finding local minima, one can solve any problem that is 
efficiently solvable by a quantum computer, and furthermore, a quan-
tum computer can always find local minima efficiently for any physical 
system. Hence, under the widely accepted assumption that quantum 
computing is more powerful than classical computing, finding local 
minima is both classically hard and quantumly easy. This result raises 
the hope that exploring local minima in quantum systems arising from 
physics, chemistry and materials science may offer new opportunities 
for solving classically intractable and physically relevant problems 
using quantum computers.

Results
We now present our main results concerning the tractability of finding 
local minima in quantum systems. A collection of notational conven-
tions and some background on quantum thermodynamics can be found 
in Supplementary Information Section 1. Based on the standard defini-
tion in mathematical optimization39–43, we consider a local minimum in 
a quantum system governed by Hamiltonian H to be a quantum state 
such that the expectation value of H does not decrease under any small 
perturbation applied to the state. For a brief review of mathematical 
optimization, see Supplementary Information Section 2.1.

Let 𝒫𝒫α be a perturbation parameterized by a small vector α that maps 
quantum states to quantum states. An ε-approximate local minimum of 
an n-qubit Hamiltonian H under perturbation 𝒫𝒫 is a state ρ with an energy 
tr(Hρ) that is an approximate minimum under perturbations, that is,

tr(Hρ) ≤ tr(H𝒫𝒫α(ρ)) + ε ‖α‖ , (1)

for all small enough α. The formal definition is given in Supplementary 
Information Section 2.2. The local minima of H form a subset of the 
entire quantum state space, which contains the global minima, namely 
the ground states of H. See Fig. 1 for energy landscapes with different 
numbers of local minima. We say an algorithm 𝒜𝒜 has solved the prob-
lem of finding local minima under perturbation 𝒫𝒫 if given any n-qubit 
local Hamiltonian H, written as a sum of few-qubit Hermitian operators 
with an efficient classical description, and any few-qubit observable 
O, the algorithm 𝒜𝒜 can output a real value tr(Oρ) corresponding to any 
approximate local minimum ρ of H under perturbations 𝒫𝒫 up to a small 
error. If there are several local minima, we consider finding any one 
instance to be sufficient.

Inspired by the physical process that Nature uses to cool quantum 
systems, we define local minima based on thermal perturbations rooted 
in open system thermodynamics27,30–34. Thermal perturbations are 
fundamentally different from local unitary perturbations, which are 
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Fig. 1 | Illustration of energy landscapes. a, Energy landscape with several 
local minima. Some Hamiltonians, such as those for magnets in a small external 
magnetic field, have several local minima. One is the ground state whereas the 
other local minima are suboptimal. b, Energy landscape with one local minimum. 
For some local Hamiltonians, such as the family of BQP-hard Hamiltonians, 
the energy landscape over the entire n-qubit state space has a nice bowl shape, 

and the only local minimum is the global minimum. However, for QMA-hard 
Hamiltonians, the energy landscape necessarily contains many suboptimal local 
minima. c, Energy landscape under local unitary perturbations. For any local 
Hamiltonian H, there are always doubly exponentially many local minima within 
the n-qubit state space arising from a large barren plateau.
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latter under the well-accepted assumption that not all quantum circuits 
can be efficiently simulated on classical computers (BPP ≠ BQP).

Finding local minima is easy for quantum computers. If our notion 
of local minima properly captures how a quantum system behaves in 
a cold environment, we would expect that finding local minima will 
be quantumly easy. Indeed, in the following theorem, we prove that a 
quantum computer can always efficiently find a local minimum of H 
under thermal perturbations starting from any initial state.

Theorem 1. (Quantumly easy-to-find local minima under thermal per-
turbations; informal). The problem of finding an ε-approximate local 
minimum of an n-qubit local Hamiltonian H under thermal perturbations 
with jump operators {Aa}, inverse temperature β and timescale τ can be 
solved in poly(n, 1/ε, β, τ) quantum computational time.

The formal statement is given in Theorem 4 of the Supplementary 
Information and is proven in Supplementary Information Section 4.2. 
To establish the theorem, we propose a quantum thermal gradient 
descent algorithm that cools down a quantum system by performing 
gradient descent based on quantum thermodynamics. This result 
builds on the recent algorithmic developments for quantum Markov 
chain Monte Carlo methods25,26,28,29.

Our analysis establishes that the gate complexity of the quantum 
thermal gradient descent algorithm scales polynomially with all rele-
vant parameters. For a Hamiltonian H with spectral norm ‖H‖∞ ≤ B  
bounded above by a positive number B, we demonstrate in Supple-
mentary Information Section 4.2.2 that the algorithm requires at most 
𝒪𝒪(B3/ε2) gradient steps to prepare one copy of an ε-approximate local 
minimum. Each step involves a 𝒪𝒪(1/B)-time thermal Lindbladian simula-
tion. Consequently, the overall algorithmic cost is primarily determined 
by the efficiency of simulating thermal Lindbladian dynamics. Recent 
advances in thermal Lindbladian simulations and quantum Gibbs 
sampling27,49–51 have substantially improved these techniques. Notably, 
any future enhancements in this area will directly improve the gate 
complexity of the quantum thermal gradient descent algorithm.

Finding local minima is hard for classical computers. Although local 
minima are easier for quantum computers to find than ground states, 
how hard is it to find them? As our second main result, we address this 
question by considering a class of geometrically local Hamiltonians 
{HC} on a two-dimensional (2D) lattice such that the ground state of 
HC encodes the outcome of a polynomial-sized quantum circuit C 
using a modified Kitaev’s circuit-to-Hamiltonian construction20,52,53. 
To understand the computational hardness, we provide the following 
characterization of the energy landscape.

Theorem 2. (No suboptimal local minimum in BQP-hard Hamiltonians; 
informal). For any quantum circuit C with size |C|, all approximate local 
minima of the geometrically local 2D Hamiltonian HC under thermal 
perturbations with inverse temperature β = poly(∣C∣) and timescale 
τ = poly(∣C∣) are close to the ground state.

This theorem is the most technically involved contribution of this 
work. The formal statement is given in Theorem 5 of the Supplementary 
Information and is proven in Supplementary Information Section 6. 
Conceptually, the landscape of these 2D Hamiltonians has a nice bowl 
shape, as in convex optimization40. Therefore, performing thermal gra-
dient descent (Theorem 1) allows us to prepare the ground state starting 
from an arbitrary initial state. To prove the theorem, we developed a set 
of techniques for establishing that a Hamiltonian H has no suboptimal 
local minima, that is, all local minima of H are global minima.

Although we have proved that HC has no suboptimal local minima, 
general local Hamiltonians may well have many local minima. Finding 
the ground state of a local Hamiltonian is a QMA-hard problem; hence, 
we do not expect it to be solved efficiently by the quantum thermal 

gradient descent algorithm or by any other quantum algorithm. Fo a 
quantum circuit that verifies the witness for a problem in QMA, Kitaev’s 
corresponding local Hamiltonian contains a term, often denoted Hin, 
that specifies some of the input qubits and leaves the input qubits cor-
responding to the witness unspecified, and a term, often denoted Hout, 
that checks whether the witness is accepted. Due to the unspecified wit-
ness qubits in Hin, the energy landscape contains a large number of local 
minima corresponding to all possible witnesses. Furthermore, most of 
these local minima correspond to rejected witnesses and are subopti-
mal because of the energy penalty from Hout. For these QMA-complete 
Hamiltonians, quantum thermal gradient descent will probably get 
stuck at a suboptimal local minimum. In our HC, the term Hin specifies 
all input qubits and the term Hout is absent, which greatly simplifies the 
energy landscape and removes all suboptimal local minima.

Using this energy landscape characterization, we can show that 
finding a local minimum under thermal perturbations is classically 
intractable, assuming quantum computation is more powerful than 
classical computation. For a contradiction, suppose that a classical 
computer can efficiently find any local minima under thermal per-
turbations. Then by Theorem 2, the classical computer can efficiently 
find the ground state of HC and, thus, simulate any efficient quantum 
circuit C, which is widely believed to be impossible. See Theorem 6 of 
the Supplementary Information for a formal statement and the proof.

Theorem 3. (Classically hard-to-find local minima under thermal per-
turbations; informal). Assume the widely believed conjecture that 
BPP ≠ BQP. The problem of finding an approximate local minimum of 
an n-qubit local Hamiltonian H under thermal perturbations is universal 
for quantum computation and is, thus, classically hard.

We emphasize that our classical hardness results are tailored to 
a carefully constructed family of Hamiltonians, which enables us to 
leverage the conjecture that BPP ≠ BQP to provide a rigorous state-
ment of quantum advantage. For Hamiltonians arising in physics, 
our quantum thermal gradient descent algorithm always succeeds 
in finding local minima. However, the classical hardness of finding 
these local minima may vary on case by case. By using more advanced 
circuit-to-Hamiltonian constructions, refs. 54–57 have demonstrated 
that low-energy states of various Hamiltonian families, including 
one-dimensional systems, 2D Heisenberg models and 2D XY mod-
els, can encode low-energy states of all local Hamiltonians. It seems 
plausible that our proof techniques could be combined with these 
more sophisticated circuit-to-Hamiltonian constructions to establish 
quantum advantages in finding local minima for a broader range of 
Hamiltonian families. This presents intriguing opportunities for future 
research on the potential quantum advantage in finding local minima 
across diverse Hamiltonian families.

Local minima under local unitary perturbations
An alternative approach to defining local minima involves considering 
local unitary perturbations instead of thermal perturbations. These 
local unitary perturbations are mathematically simple and naturally 
align with a quantum computing perspective. However, our analysis 
reveals that finding local minima under such perturbations is classi-
cally tractable. Consequently, this approach falls short in delineating a 
problem that decisively separates quantum and classical computation.

Local unitary perturbations are short-time unitary evolutions 
under a sum of few-body Hermitian operators (for example, a quantum 
circuit consisting of near-identity two-qubit gates). A local unitary 
perturbation of an n-qubit pure state |ψ〉 is given by

(local unitary perturbation): |ψ⟩ → exp (−i
m

∑
a=1

αaha) |ψ⟩ , (3)

where ha is a Hermitian operator acting on a few qubits, m = poly(n) is 
the number of such Hermitian operators and α = ∑a αaêa ∈ ℝm  is a 
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vector close to zero. This definition is the state version of the Riemann-
ian geometry of quantum computation defined in ref. 58.

We prove that for any local Hamiltonian H, a random n-qubit pure 
state is almost always a local minimum of H under local unitary pertur-
bations; see Lemma 1 in Methods. Hence, there are doubly exponen-
tially many suboptimal local minima in the energy landscape. This is 
closely related to the barren plateau phenomenon for a sufficiently 
expressive quantum circuit ansatz59. Because the number of local 
minima is enormous, the properties of these local minima are concen-
trated on fixed values, making this problem classically easy.

Proposition 1. (Classically easy-to-find local minima under local uni-
tary perturbations; informal). The problem of finding an approximate 
local minimum of n-qubit local Hamiltonian H under local unitary per-
turbations is classically easy.

See Proposition 3.2 of the Supplementary Information for the 
detailed statement and Supplementary Information Section 3.2 for 
its proof.

A common strategy considered in adaptive variational quantum 
eigensolvers60–62 is to variationally minimize the energy by applying 
few-qubit gates to the current state. This algorithm naturally finds a 
local minimum under local unitary perturbations. Although Proposi-
tion 1 shows that finding one such local minimum is classically easy 
for any given H, there also exist local minima that are classically hard 
(for example, the ground state of H). By making a clever selection of 
the circuit ansatze and employing a careful initialization of the param-
eters, a variational quantum eigensolver still has the potential to find 
a classically hard local minimum, even though the landscape contains 
many classically easy local minima. This is like strategies employed in 
addressing the barren plateau issue59.

Our results reveal several distinct advantages of thermal perturba-
tions over local unitary perturbations: (1) Thermal perturbations yield a 
more favourable landscape than local unitary perturbations that could 
flow to the ground state from arbitrary initial states; see Theorem 2. 
(2) Unlike variational quantum eigensolvers, where overly powerful 
circuit ansatze with too many parameterized gates can lead to barren 
plateaus59, introducing extra jump operators in thermal perturbations 
always improves the energy landscape. (3) Thermal perturbations more 
accurately reflect physical reality: systems in thermal contact naturally 
evolve through open system dynamics rather than unitary evolution.

Discussion
There are strong theoretical arguments that scalable fault-tolerant 
quantum computers will be more powerful than classical computers, 
but identifying problems of practical interest with provable super-
polynomial quantum advantage remains an open challenge. Although 
quantum computers might substantially accelerate the characteri-
zation of ground states for local Hamiltonians in physics, chemistry 
and materials science, it remains unclear which specific problems will 
exhibit meaningful speed-ups63. Some problems admit efficient clas-
sical solutions, whereas others remain intractable even for quantum 
computers due to the inherent difficulty in finding ground states.

We examine a physically motivated alternative: finding the local 
rather than the global minima of a Hamiltonian. This problem naturally 
emerges from fundamental physical processes. When quantum  
systems are placed in a cold thermal bath, they efficiently evolve 
towards local energy minima. We demonstrate that our proposed 
quantum thermal gradient descent algorithm efficiently solves this 
problem. Moreover, we prove that finding any local minimum is clas-
sically hard in general (assuming BPP ≠ BQP), establishing this as a 
concrete example where quantum computers can achieve superpoly-
nomial advantage.

By contrast, our approach of finding local minima emerges 
directly from the fundamental physical processes that Nature employs  
to produce low-energy states in physics, chemistry and materials  

science. This connection to physics provides inherent advantages.  
The local-minima problem inherits the robust features of thermo-
dynamics: it depends only on macroscopic bath parameters β and τ 
and remains insensitive to the microscopic details. Furthermore, the 
framework exhibits a form of error tolerance: the addition of jump 
operators, even unwanted ones, can only improve the energy landscape 
by eliminating suboptimal local minima.

Previous research has explored various approaches for solving 
classically hard problems by finding suitable quantum states, such as 
designing a gapped adiabatic path for Hamiltonians to find ground 
states53, engineering Lindbladians to have rapid dissipative evolution 
towards steady states64 and performing quantum phase estimation 
on an initial state with a high ground-state overlap23. Although these 
approaches draw inspiration from physical principles to develop algo-
rithms for both analogue and digital quantum devices, they do not 
directly correspond to naturally occurring physical processes. By 
contrast, the problem of finding local minima emerges directly from 
the fundamental physical processes that Nature employs to produce 
low-energy states in physics, chemistry and materials science. Moreo-
ver, the local-minima problem inherits the robustness of thermody-
namics: one needs to specify only the macroscopic bath quantities β 
and τ without worrying about the microscopic details, and the choice of 
jump operators can be flexible, as adding more jumps (even unwanted 
ones) removes only suboptimal local minima.

Classical algorithms for minimizing the energies of quantum 
systems often rely on variational approaches with structured ansatzes, 
including tensor networks6–12,65–74 and neural quantum states13–15,75–83. 
Although these algorithms successfully find local minima within their 
prescribed ansatz families, such minima may not represent a local mini-
mum under thermal perturbations. In such cases, we can initialize the 
state found by the classical algorithm on a quantum computer and find 
a lower energy state by running the quantum thermal gradient descent 
algorithm. This observation leads to the following result:

Corollary 1. (Quantum enhancement of variational optimization; 
informal). Assume that not all polynomial-sized quantum circuits can 
be efficiently simulated classically. Then there are 2D geometrically 
local Hamiltonians such that given any classical ansatz that allows 
efficient estimation of single-qubit observables and an output state ρ# 
of any efficient classical algorithm that optimizes the classical ansatz, 
running quantum thermal gradient descent starting at ρ# strictly 
lowers the energy.

A formal statement and detailed proof can be found in Supplemen-
tary Corollary 4.1 and Supplementary Information Section 4.2. In many 
cases, we can determine if the classically optimized state ρ# represents a 
local minimum under thermal perturbation by performing an efficient 
classical computation of the energy gradient. A negative gradient 
provides a rigorous certificate that quantum optimization initialized 
at ρ# will yield strictly better solutions than the classical approach.

Our framework extends beyond mimicking quantum thermody-
namics. By engineering the thermal Lindbladians to have enhanced 
analytic properties or reduced computational costs27, we can develop 
synthetic quantum processes that may potentially outperform Nature. 
These synthetic Lindbladians form part of a broader family of quantum 
Markov chain Monte Carlo algorithms25–29,84. Beyond Lindbladians, 
other families of perturbations, such as unitary perturbations accom-
panied by mid-circuit measurements or qubit resets, may generate 
favourable energy landscapes devoid of suboptimal local minima, 
leading to more powerful quantum optimization algorithms for finding 
low-energy states or for other applications.

This work raises several intriguing questions for further inves-
tigation. Sometimes, when a system performs a random walk over a 
large plateau of suboptimal local minima for a sufficiently long time,  
the system escapes the plateau and reaches the true ground state  
(see, for example, case 1 in Supplementary Information Section 5.5). 
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Can we characterize when ground states can be found efficiently 
despite having many suboptimal local minima? Our conclusion that 
finding local minima under thermal perturbations is classically hard 
relied on the complexity-theoretic conjecture that BPP ≠ BQP. Can we 
establish unconditionally that finding local minima is hard for classical 
algorithms, perhaps within a black-box oracle model? Having dem-
onstrated quantum advantages for finding local minima of quantum 
systems, might there also be quantum advantages in finding better 
local minima in classical optimization problems through some variant 
of quantum thermal gradient descent? See related recent works85–87 
studying the potential for quantum dynamics to yield advantages in 
classical optimization.

Although finding ground states is generally intractable, many 
physical systems efficiently cool to their ground states. This suggests 
that Hamiltonians relevant to physics, chemistry and materials science 
may possess energy landscapes without suboptimal local minima. We 
have proven in Theorem 2 that a specific family of BQP-hard Hamilto-
nians exhibits this property. A key challenge is to characterize broader 
classes of Hamiltonians with similarly favourable landscapes. Although 
our negative-gradient condition (Supplementary Lemma 4.3) pro-
vides a sufficient condition for excluding suboptimal local minima, 
verifying this condition for physical systems—whether involving spins, 
fermions or bosons—remains computationally challenging. Progress 
in this direction would substantially advance our understanding of 
the energy landscapes of quantum systems and illuminate promising 
paths towards quantum advantages in physically relevant problems.
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Methods
Here, we describe in more detail the notion of local minima, the precise 
form of the thermal Lindbladian and our strategy for proving the main 
theorems.

Local minima under thermal perturbations
A central concept that enables us to understand the energy landscape 
and establish the computational complexity of finding local minima 
under thermal perturbations in Theorems 1 and 3 is the energy gradi-
ent operator,

(energy gradient operator):
m

∑
a=1

ℒ†β,τ,H
a (H )êa, (4)

where the adjoint ℒ† is the Heisenberg-picture Lindbladian, that is, 
tr(ℒ†[O]ρ) = tr(Oℒ[ρ]). The energy gradient operator is a vector of indi-
vidual gradient operators associated with each jump operator Aa. This 
is like the spin operator σ = σxx̂ + σyŷ + σzẑ, which is a vector of Hermi-
tian observables. Indeed, the energy gradient operator naturally 
emerges by taking an infinitesimal perturbation, that is, the gradient 
of the energy tr(Hρ),

tr (H exp (
m

∑
a=1

αaℒβ,τ,H
a ) (ρ)) = tr(Hρ) + α ⋅

m

∑
a=1

tr (ℒ†β,τ,H
a (H )ρ) êa + 𝒪𝒪 (‖α‖2) .

(5)

In Supplementary Information Section 4.1, we describe the formal 
definition and some properties of the energy gradient. We provide a 
concrete example by showing the sets of local minima for ferromag-
netic Ising chains under different longitudinal field strengths in Sup-
plementary Information Section 5.5.

Explicit form of the thermal Lindbladian. Let us we review the explicit 
form of the thermal Lindbladian derived in ref. 33. Although other 
candidates exist in the open system literature (and which we believe 
are qualitatively similar), the following mathematical form gives a 
rigorous starting point for our analysis and algorithmic guarantees. 
For each jump operator Aa, the thermal Lindbladian ℒβ,τ,H

a  is given by:

ℒβ,τ,H
a (ρ) ∶= −i [Hβ,τ,H

LS,a ,ρ] + 𝒟𝒟β,τ,H
a [ρ], (6)

where 𝒟𝒟β,τ,H
a  is the purely dissipative part:

𝒟𝒟β,τ,H
a [ρ] ∶= ∫

∞

−∞
γβ(ω) [ ̂A

a
(ω)ρ ̂A

a
(ω)† − 1

2 {
̂A
a
(ω)† ̂A

a
(ω),ρ}] dω. (7)

Key components of this formulation include:

•	 Operator Fourier transform: The operator ̂A
a
(ω) is defined 

for the Heisenberg-evolved jump operator Aa(t) = eiHtAae−iHt, 
characterized by a timescale τ ∈ ℝ of the heat bath:

̂A
a
(ω) ∶= 1

√2πτ
∫

τ/2

−τ/2
Aa(t) e−iωt dt. (8)

�Roughly, the Fourier transform selects transitions induced by Aa 
that change the energy by ω up to uncertainty 1/τ.

•	 Transition weight: The function γβ(ω) determines the 
strength of transitions with energy difference ω. It satisfies 
the Kubo–Martin–Schwinger condition and normalization:

γβ(ω)/γβ(−ω) = e−βω and 0 ≤ γβ(ω) ≤ 1 for any β ≥ 0 and any ω ∈ ℝ.
(9)

Roughly, this function assigns a weight depending on whether the 
energy is increased (ω > 0) or decreased (ω < 0). In particular, we use 
the Glauber dynamics form with cutoff frequency Λ0:

γβ(ω) =
1

2 + ln(1 + βΛ0)
e−ω2/2Λ2

0

1 + eβω
. (10)

•	 Lamb-shift Hamiltonian: The coherent term Hβ,τ,H
LS,a  depends 

on the bath correlation function cβ(t):

Hβ,τ,H
LS,a ∶= i

2√2πτ
∫

τ/2

−τ/2
∫

τ/2

−τ/2
sgn(t1 − t2)cβ(t2 − t1)Aa(t2)Aa(t1)dt2 dt1, (11)

where cβ(t) is the Fourier transform of γβ(ω):

cβ(t) ∶=
1

√2π
∫

∞

−∞
γβ(ω) e+iωt dt. (12)

 
The Lamb-shift term commutes with the Hamiltonian in the large τ → ∞ 
limit, and for our purposes, its particular form is irrelevant and will be 
swept into the error bounds.

These precisely defined components encapsulate the fundamen-
tal physical principles underlying quantum thermodynamics. For a 
more comprehensive review of these concepts, we direct the reader to  
Supplementary Information Section 1.3.

Quantum thermal gradient descent. To establish that finding local 
minima under thermal perturbations is quantumly easy (Theorem 1), 
we propose an algorithm called quantum thermal gradient descent. 
For a low temperature and long timescale β, τ → ∞, the energy gradient 
ℒ†∞,∞,H
a (H) ≼ 0 is non-positive. In this case, the algorithm can just per-

form a random walk along random directions because no perturbations 
increase the energy and the use of gradient descent is not necessary. 
However, for arbitrary finite β and τ, the energy gradient can be posi-
tive. To find a local minimum that is an ε-minimum under all thermal 
perturbations for sufficiently small ε, the algorithm needs to carefully 
walk in directions with negative energy gradients.

To prove the convergence of quantum thermal gradient descent 
to a local minimum, we show that every small gradient step starting 
from a state that is not an approximate local minimum will decrease 
the energy. Because the energy of a quantum system is bounded from 
below, the algorithm must terminate at some point, which means it will 
find an approximate local minimum. To establish this claim, we derive 
analytic properties of thermal Lindbladians based on a smoothness 
bound on the second derivatives in ref. 27. To implement a gradient 
step based on thermal perturbations on a quantum computer, we build 
on a recently developed efficient quantum algorithm that simulates 
thermal Lindbladian evolution using a quantum circuit augmented 
by mid-circuit measurements27.

All local minima are global. We now highlight the proof idea for 
Theorem 2 showing that all approximate local minima are close to 
ground states in a family of Hamiltonians with classically hard ground 
states. The family of geometrically local n-qubit Hamiltonians 
{HC} in a 2D lattice studied in this work is a modification of Kitaev’s 
circuit-to-Hamiltonian construction20,52 where the ground state 
encodes the computation of a quantum circuit UC = UT…U1. In par-
ticular, we design the ground state of HC to be

T

∑
t=0

√ξt (Ut⋯U1 |0n⟩) ⊗ ||1t0T−t⟩ , where ξt ∶=
1
2T (

T

t
) . (13)

The binomial coefficient ξt is our modification of Kitaev’s con-
struction and is chosen to ensure that the desired properties hold for 
the spectrum and the energy gradients. The binomial distribution 
ensures that the Bohr-frequency gap is sufficiently large, which is cen-
tral to the robustness of energy gradients under errors due to the finite 
temperature and small perturbations. We believe that the standard 
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circuit-to-Hamiltonian construction also has a large Bohr-frequency 
gap, but the proof seems more difficult. Estimating local properties of 
the ground state of HC is equivalent to simulating the quantum circuit 
C, which is BQP-hard. Hence, under the standard assumption that not 
all quantum circuits can be simulated by classical computations, esti-
mating the local properties of the ground state of HC is classically hard.

Given the Hamiltonian HC, showing that all of its approximate local 
minima under thermal perturbations are also approximate global 
minima seems daunting due to the complex expression for the thermal 
Lindbladian ℒβ,τ,H

a  and the doubly exponentially large space of possible 
quantum states. Previous studies on circuit-to-Hamiltonian mappings 
mainly focused on the lowest energy states. Here, we need to worry 
about potential local minima in all excited states in any superposition. 
To make progress, we propose a sufficient condition in Supplementary 
Information Section 4.1.3 that captures the nice landscape of HC and 
rules out the presence of any suboptimal local minimum. Let PG(H) be 
the projector onto the ground-state space of H. Assume there exists a 
unit vector α̂ ∈ ℝm

≥0 and r > 0 with

(negative-gradient condition): −
m

∑
a=1

α̂aℒ†β,τ,H
a (H ) ≽ r(I − PG(H )).

(14)

This negative-gradient condition implies that any state with a small 
ground-state overlap must experience a substantially negative energy 
gradient, that is, it cannot be a local minimum.

To prove that HC satisfies the negative-gradient condition, we pro-
pose a series of lemmas and mathematical techniques for characteriz-
ing energy gradients in few-qubit systems, in commuting Hamiltonians 
and in subspaces of the Hamiltonian, which are stated in Supplemen-
tary Information Section 5 and proven in Supplementary Information 
Section 7. These new techniques build on the operator Fourier trans-
form and the secular approximation given in ref. 27 for systematically 
handling energy uncertainty in thermal Lindbladians, which we review 
and adapt for our purpose in Supplementary Information Section 1.4. 
Using these techniques, we analyse the energy gradient of the entire 
system perturbatively by considering a sequence of Hamiltonians

H1 → H2 → H3 = HC,

with refining ground spaces P1 ⊃ P2 ⊃ P3 where ‖H1‖ ≫ ‖H2 − H1‖  
≫ ‖H3 − H2‖.

Through these perturbations, we sequentially rule out local 
minima in excited states of the Hamiltonians H1 and H2 and, finally, 
H3 = HC. For example, we show that the first Hamiltonian H1 satisfies 
the negative-gradient condition and that the gradient is stable under 
perturbation going from H1 → H2 → H3. Controlling perturbations of the 
energy gradient is surprisingly challenging, and it is not a priori clear 
why this stability property should hold due to several (possibly compet-
ing) energy scales, including β−1 and τ−1, which are the spectral gap and 
the Bohr-frequency gap. Recall that the spectral gap is the minimum 
non-zero difference between energy eigenvalues. The Bohr-frequency 
gap is the minimum non-zero difference between the difference of 
energy eigenvalues. The perturbative errors are not suppressed by 
the spectral gap of the Hamiltonian, as seen in standard settings, but 
instead by the Bohr-frequency gap, which can be much smaller (Theo-
rem 6 of the Supplementary Information). These techniques allow us 
to establish the robustness of energy gradients when perturbing a 
degenerate Hamiltonian with a sufficiently large Bohr-frequency gap.

Local minima under local unitary perturbations
Here we present the central idea for proving Proposition 1, which estab-
lishes the classical easiness for finding local minima under local unitary 
perturbations.

To understand how easy the problem of finding local minima 
under local unitary perturbations is, we need to characterize the energy 

landscape. The following lemma provides a universal characterization of 
the structure of the energy landscape under local unitary perturbations. 
The formal statement is given in Lemma 3.1 of the Supplementary Infor-
mation, and the proof is given in Supplementary Information Section 3.1.

Lemma 1. (Barren plateau; informal). Given any n-qubit local Hamil-
tonian H, then a random pure n-qubit state |ψ〉 is an approximate local 
minimum of H under local unitary perturbations.

The proof of the above lemma illustrates the following physi-
cal picture. The energy landscape in the pure state space defined in 
terms of local unitary perturbations consists of a large barren plateau59 
with doubly exponentially many approximate local minima having an 
exponentially small energy gradient. Additionally, almost all the local 
minima have local properties that are exponentially close to that of the 
maximally mixed state. As a result, although finding ground states is 
classically hard, finding local minima under local unitary perturbations 
is classically trivial.

Data availability
We did not analyse or generate any datasets because our work proceeds 
within a theoretical and mathematical approach.

Code availability
We do not have any computer code because our work proceeds within 
a theoretical and mathematical approach. All algorithms are analysed 
mathematically in the Supplementary Information.
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