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Learning k-Body Hamiltonians
via Compressed Sensing

Muzhou Ma", Steven T. Flammia, John Preskill”, and Yu Tong

Abstract—We study the problem of learning a k-body
Hamiltonian with M unknown Pauli terms that are not nec-
essarily geometrically local. We propose a protocol that learns
the Hamiltonian to precision € with total evolution time
OM'?t1Ur[e) up to logarithmic factors, where the error is
quantified by the ¢”-distance between Pauli coefficients. Our
learning protocol uses only single-qubit control operations and a
GHZ state initial state, is non-adaptive, is robust against SPAM
errors, and performs well even if M and k are not precisely
known in advance or if the Hamiltonian is not exactly M-sparse.
Methods from the classical theory of compressed sensing are used
for efficiently identifying the M terms in the Hamiltonian from
among all possible k-body Pauli operators. We also provide a
lower bound on the total evolution time needed in this learning
task, and we discuss the operational interpretations of the ¢! and
£* error metrics. In contrast to most previous works, our learning
protocol requires neither geometric locality nor any other relaxed
locality conditions.

Index Terms—Hamiltonian learning,
quantum sensing, convex optimization.

compressed sensing,

I. INTRODUCTION

AMILTONIAN learning is a fundamental problem in
quantum physics, crucial for understanding and control-
ling quantum systems. Accurate models of Hamiltonians are
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needed for tasks ranging from quantum simulation to quantum
error correction, where precise knowledge of interactions
allows for better optimization and control. It is also a fun-
damental problem in computer science, where the classically
analogous task of learning undirected graphical models is
central in many models of machine learning.

Learning Hamiltonians, particularly in large systems with
many-body interactions, is complicated by the fact that dynam-
ical access to the Hamiltonian naturally leads to entangled
quantum states. Inferring a general unknown Hamiltonian from
measurements in the computational basis is therefore nontriv-
ial. Similarly, access via Gibbs states introduces challenges in
state preparation and post-processing of measurement results.
Prior work, which we review below, has nonetheless shown
that an unknown Hamiltonian can be learned in polynomial
time from its dynamics [1], [2], [3], [4], [5], [6] or from
samples of a Gibbs state when the bipartite graph connecting
qubits to interactions has bounded degree [1], [7], [8].

The classical theory of compressed sensing [9], [10], [11],
[12], [13], [14], [15], [16] is a promising avenue for improving
Hamiltonian learning and extending it to the setting where
the interactions are sparse, or approximately sparse, in a
known basis. It also has many applications in other types
of learning tasks involving quantum states or processes [17],
[18], [19], [20], [21], [22], [23], [24]. Classically, compressed
sensing efficiently solves the following problem: given a linear
measurement matrix A : C* — C” and an unknown vector
x € C" which is promised to be s-sparse in a given basis,
reconstruct x from y = Ax when m = O(slogn). At first
glance this seems impossible for at least two reasons. First, the
well-known Nyquist theorem states that learning a signal with
bandwidth n requires measuring Q(n) frequencies. This how-
ever does not take into account the sparsity of the underlying
signal. But second, naively taking the sparsity into account
quickly runs into fundamental computational bottlenecks, as
finding the sparsest vector consistent with affine constraints
is NP-hard [25].

Under surprisingly mild conditions on the measurement
matrix A, compressed sensing overcomes these two obstacles.
Moreover, the compressed-sensing estimate of the signal is
robust to measurement noise due to sampling, robust to the
signal being only “near” to a sparse signal, and is even efficient
to compute via a reduction to an easy convex optimization
problem. It is therefore natural to hope that compressed
sensing can offer a powerful approach to reconstructing sparse
Hamiltonians.
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A. Main Results

We consider the class of n-qubit k-body Hamiltonians,
where all couplings are written in the Pauli basis and involve
Paulis of weight at most k& with k = O(1). Let M <
S 3!(}) = O(n*) be the total number of nonzero couplings
in the Hamiltonian. Write H = 22/1:] uqP, for the explicit
unknown Hamiltonian, where the coefficients y, are assumed
to be normalized to lie in the interval [-1,1]. Our goal is
to output the unknown Paulis P, and estimates 7, of the
coeflicients that are accurate in £” error, defined as ||ﬁ— l‘“p =

1
(224:1 [y —yall’) /p for suitable p.

In what follows, we use 5( f) to represent
O(fpolylog(n, M, 1/6,1/€,2¥)) where & is the failure
probability and € is the precision that we want to achieve.

Theorem 1 (Informal version of Theorem 9): There exists
a learning protocol that uses N = O(M) independent non-
adaptive experiments to learn, with probability at least 1 — &,
an estimate g of all coefficients with weight < k that has
€7 error (1 < p < 2) at most €, and uses a total evolution time

~ ( M/P+1/2
r-0 (_)
€

The protocol is robust to a constant amount of state preparation
and measurement (SPAM) noise.

In the above, by fotal evolution time, we mean the total
time needed to evolve with the unknown Hamiltonian in all
experiments. Our method is also robust to modeling errors
(i.e., the Hamiltonian may not be exactly k-local or have more
than M terms), as discussed in Section V-E. The operational
interpretations of the ¢” error metric for p = 1 and 2 are
discussed in Section VII and correspond to notions of worst-
and average-case error, respectively. It is notable that our
algorithm nearly achieves Heisenberg-limited scaling, O(1/e),
in the total evolution time. Also importantly, the classical
computation required by our algorithm is polynomial. In fact,
our estimator reduces to a convex optimization of the form

minixrnize x|l subject to [|[Ax -yl < a. (1)
In Theorem 10, we give an explicit bound on the computa-
tional resources required to obtain an (approximately) optimal
solution to Eq. (1). As our analysis of this optimization is self-
contained (it does not rely on reducing Eq. 1 to a semidefinite
program) and appears to be new, it may be of interest to a
wider community.

We also prove a lower bound for the total evolution time
for the case of ¢! error.

Theorem 2 (Informal version of Theorem 11): Suppose a
learning algorithm estimates i for the unknown Hamiltonian
H = Zﬁl,uaPa with [[f — pll, < € for p € [1,2] in expectation
value over experimental outcomes. Then

M!l/p
T=Q| —— . 2
(610g(1/7)) @)

Here y is the amount of measurement error (see (77)).
Interestingly, our lower bound holds for learning n-qubit
Hamiltonians with the M terms fixed and having known
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support. This naturally implies a lower bound for learning
n-qubit M-term Hamiltonians without prior knowledge of
which M terms are in the Hamiltonian. This suggests that
parameter estimation, rather than support identification, may
be the primary obstacle to improving the time complexity for
Hamiltonian learning. _

Remark 1: Comparing with the upper bound O(M'/**!/7 /e),
the gap is O(M'?) for all p € [1,2] simultaneously. We
discuss the implications in the Discussion section and on how
the lower bound is tight for the {'-metric, as it should hold
for the general case which is limited by some simpler cases,
in contrast the upper bound provided by the algorithm if for
general k-body Hamiltonians, which should work for the worst
case.

B. Techniques

The lack of locality presents a considerable challenge to
the Hamiltonian learning problem, as it prevents us from
decoupling the learning problem into small problems that can
be efficiently solved. We are therefore compelled to deal with
the entire quantum system as a whole, and new techniques are
needed to circumvent the exponential cost that usually comes
from such problems. Compressed sensing utilizes sparsity
to greatly reduce the complexity of reconstructing a high-
dimensional vector, but prior to this work, it was far from
clear how it can be applied to Hamiltonian learning. Although
the Hamiltonian coefficients can be collected into a sparse
vector, a generic observable does not depend on these coeffi-
cients linearly. The non-commutativity of the terms presents
additional difficulties.

One key observation that led to this work is that we can
apply compressed sensing to learn a completely commuting
Hamiltonian, i.e., a Hamiltonian whose Pauli terms commute
on each qubit. For such a Hamiltonian, the eigenvalue differ-
ences depend linearly on the coefficients, and we can estimate
these differences efficiently as the eigenstates are all product
states.

We then extend this method to general k-body Hamiltoni-
ans with M terms using Hamiltonian reshaping. Hamiltonian
reshaping was used to decouple the dynamics and choose
local bases in [5], but here we use it to obtain an effective
Hamiltonian that is diagonal in a global basis set of our
choosing. This effective Hamiltonian can then be learned using
compressed sensing. However, this procedure will only allow
us to learn the terms that are diagonal in the given basis, and
multiple choices of bases are needed to cover all terms in
the Hamiltonian. We then choose the basis randomly, and this
allows us to cover all k-body terms with mild overhead. This
idea comes from randomized measurement [26], [27], [28],
but to the best of our knowledge this is the first time it has
been applied to a dynamical setting.

C. Prior Work

Hamiltonian learning has been the focus of many previous
works [1], [2], [3], [4], [5], [6], [17], [26], [29], [30], [31], [32],
[33], [34], [35], [36], [37], [38], [39], [40], [41], [42], [43],
[44], [45], [46], [47]. Most early works focused on achieving
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the Heisenberg-limited scaling, i.e., estimating parameters
of the Hamiltonian to precision e with O(1/€) cost [48],
for small quantum systems, or scalability for large quantum
systems but without achieving the Heisenberg-limited scaling.
Recently, [5] proposed a method to learn an n-qubit many-
body Hamiltonian with total evolution time O(log(n)/€), where
€ is the {*-error on the coeflicients, when the Hamiltonian
is low-intersection, i.e., the number of Pauli terms acting on
a qubit is a constant that is independent of the system size,
and the terms in the Hamiltonian are known. This condition
can be seen as a slight relaxation of geometric locality. The
main technique used in [5] is Hamiltonian reshaping, which
inserts random Pauli operators during the experiment to obtain
an effective Hamiltonian that is easy to learn and preserves
some of the coefficients. Later works obtained similar results
for other control models [40] and in bosonic and fermionic
scenarios [41], [42], [43]. These works all assume that the
Hamiltonian terms are known and we only need to learn the
coeflicients.

The first work to consider achieving the Heisenberg-limited
scaling for Hamiltonians with unknown terms is [45], the
authors of which use a bootstrapping approach (as was also
done in [40]) to gradually refine the estimation of the Hamilto-
nian. A rough estimate of the Hamiltonian is used in the time
evolution to partially cancel out the actual Hamiltonian, so that
a finer estimate of the residue can be obtained. This approach
necessitates implementing multi-qubit operations during the
time evolution which are adapted based on previous measure-
ment results.

GHZ states and compressed sensing have been used previ-
ously to learn dephasing noise with long-range correlation and
sparsity [17], but the dissipative nature of the noise makes it
impossible to achieve the Heisenberg limit. Compared to the
setup in [17], we also need to deal with the non-commutativity
of the Hamiltonian terms.

Our learning protocol takes several important steps beyond
prior works. First, it only applies single-qubit operations
during time evolution, which is an enormous advantage for
near-term implementation of algorithms that may have prac-
tical importance like Hamiltonian learning. Second, we do
not require any locality assumptions beyond there being
M terms of bounded strength, each of which is k-body. Lastly,
our algorithm is completely non-adaptive. Compared to [45]
in particular, the method in this work uses less total evolution
time and number of experiments, which we will illustrate using
several physically relevant examples below.

D. Applications

Sparse Sachdev-Ye model: We consider a generalization
of the Sachdev-Ye (SY) Hamiltonian for qubit system [49].
In particular, we remove interaction between qubits indepen-
dently to obtain a sparse SY model. The Hamiltonian takes
the following form:

Hgy= Y oo} + oo + o5, 3)

1<i<j<n
where the sum over i, j extends over n sites, u;; = xijJij.
The exchange constants J;; are mutually uncorrelated and
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selected i.i.d. standard Gaussian random variables. Random
variables y;; are also i.i.d., with y;; = 1 with probability p
and y;; = 0 with probability 1 — p. The original SY model
is recovered when p = 1. We denote the coefficient vector
consisting of all y;; as p. We are primarily interested in the
case where p = Q(1/n*) for0<a < 1.

We will first analyze how prior results can be applied
to learn this Hamiltonian. The method in [5], based on
Hamiltonian reshaping to decouple the dynamics, will have
a total evolution time of exp(O(n)/€) because each qubit
is acted on by O(n) terms instead of O(1). References [1]
and [2], based on the cluster expansion, will have unknown
complexity due to the lack of Lieb-Robinson bound. Reference
[6] will have a total evolution time O(M*Pn||Hsyl|]*/€*) for
£P error to be below €, where M is the number of terms in the
Hamiltonian of sparse SY model as explicitly expressed in (4),
and IIEII = O(M). Reference [45] will have a total evolution
time O(M'+1/7 /€) for €7 error to be below €, where M is the
number of terms in the Hamiltonian of sparse SY model as
explicitly expressed in (4), and ||H|| = O(M).

We then analyze the cost of this task using the protocol
in this work. The probability that the absolute value of any
fixed coefficient exceeding & is e~2¢"), and consequently by a
union bound, the probability of there existing one term in Hygy
such that the absolute value of its coefficient is larger than &
is 1 — n%e ") Then we can choose & = O( \/log(n/dsy)) to
ensure that all coefficients are bounded by & with probability
at least 1 — 85y/2. Therefore we can consider the rescaled
Hamiltonian £~' Hgy whose coefficients are all bounded by 1
with 1-05y/2 probability. By the Chernoff-Hoeffding theorem,
we can also see that the number of non-zero terms in the
Hamiltonian is #%p + O(n v/ plog(1/dsy)) with probability at
least 1 —dgy/2. Therefore with probability at least 1 —dgy, we
only need to deal with a Hamiltonian with

M = n*p + O(n /plog(1/dsy)) 4)

terms, each of which is bounded by 1. We need to ensure the
¢P-error in the end is €/¢ to account for the rescaling. Based
on the above, we use our main result Theorem 9 to arrive at
the following result:

Corollary 1 (The sparse Sachdev-Ye model): To learn the
Hamiltonian defined in (3) with an estimate j1 of all coefficients
that have {7 error (1 < p < 2) at most € using the proposed
algorithm with probability at least (1 — d)(1 — dsy), the total
evolution time complexity used is

2P 2
T=0 (L) _

€

Note that in the above we hide the polylog(1/dsy) factor.
Compared to previous works [1], [2], [5], [6], [45], our method
has the advantage of guaranteed poly(n) scaling and achieves
the Heisenberg limit. Moreover, it can utilize sparsity to gain
further advantage since the cost decreases with p.

Hamiltonians with power law interactions: For the power
law interaction, the Hamiltonian (on a D-dimensional lattice)
is

H =) Hy, )

i<j
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where H;; is supported on qubits i and j, and ||H;;|| < 1/(1 +
d(i, j)*), where d(i, j) is the Euclidean distance between sites i
and j. We will consider two separate cases: @« < D or « > D.

For @ < D, which includes Hamiltonians of some interesting
physical systems such as the Coulomb potential system (o = 1,
D = 3), [5] will have a total evolution time of exp(O(n)/e)
because each qubit is acted on by O(n) terms instead of O(1).
References [1] and [2] will have an unknown complexity due
to the lack of Lieb-Robinson bound [50], [51], [52], [53], [54],
[55], [56], [571, [58], [59], [60], [61], [62], [63], [64], [65],
[66]. Reference [6] will have On!+3/P)||H|?/€*) for €P error
to be below €, where ||H|| = O(n*~*/P). Reference [45] will
have a total evolution time On??*+2 /e for €7 error to be
below e.

For @ > D, where the decaying effect is more significant and
the interactions tend to be more local in space compared to the
a < D case, [5] will have a total evolution time of exp(O(n)/¢€)
because each qubit is acted on by O(n) terms instead of O(1),
the same reason as in the @ < D case. References [1] and [2]
will have a total evolution time of O(n*?/€?) for £7 error to
be below € when there is a Lieb-Robinson bound [51] (each
coefficient needs to be estimated to precision en~>/?), and an
unknown complexity when there is not. Reference [6] will
have O 3P| H|3/e*) for €7 error to be below €, where
lH|l = O(n). Reference [45] will have a total evolution time
O@min(n®P+2 [, p?1+9/P | 1+9Y) for ¢P error to be below e,
with x = 2D/(a + D).

However, with the protocol in this work, we can efficiently
learn any Hamiltonian of a-power law interactions with the
Heisenberg scaling regardless of a:

Corollary 2 (The power law interaction Hamiltoni-
ans): To learn a a@-power law Hamiltonian of n-qubit on
a D-dimensional lattice as defined in (5) with an estimate fi
of all coefficients that have ¢” error (1 < p < 2) at most €
using the proposed algorithm with probability at least 1 — 6,
the total evolution time complexity used is

— 2/p+1
T=0 (” ) .
€

The total evolution time above directly follows from the fact
that there are O(n*) non-zero terms in the Hamiltonian.
We summarize the comparison of results in Table I.

II. OVERVIEW

Below we will provide an overview of the results and
techniques in this work.

A. Background

Our results depend on several important tools developed in
previous works. We will briefly introduce these tools here.
Hamiltonian reshaping, proposed in [5] is an approach to
reshape the Hamiltonian during time evolution into a new
Hamiltonian H.g that is easy to learn and also contains useful
information about the original Hamiltonian.

In this work we will need to use the Hamiltonian reshaping
technique to obtain an effective Hamiltonian that is diagonal
with respect to a given single-qubit Pauli eigenbasis. More pre-
cisely, given a vector 8 = (81,52, -+ ,Bn), Where §8; € {x,y,z},
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we want the effective Hamiltonian to only contain Pauli terms
that are either I or o (07 refers to the Pauli-X, Y, and
Z matrices respectively) on the ith qubit. To achieve this, we
apply, with an interval of 7, Pauli operators randomly drawn
from the set Kg which is a qubit-wise abelian subgroup of
the Pauli group on n qubits with |KCg| = 2". This results in an
effective Hamiltonian

Ha=5 Y 0HO= Y il ©)

Qeky a:P,elp

Note that because Kjp is abelian, Hey consists of commuting
Pauli terms, making it easier to learn the coefficients, as will
be discussed in Section V-C. For a more detailed discussion
of the Hamiltonian reshaping technique see Section IV-A.

Compressed sensing provides a powerful tool to reconstruct
a sparse high-dimensional vector from few measurements.
This is relevant to the problem we are studying: the Hamilto-
nian coefficients form an M-sparse vector, but this vector is at
the same time high-dimensional, as any of the O(n*) k-local
Pauli terms can be present.

Compressed sensing involves solving the ¢'-minimization
problem stated in (1). For the coefficient matrix A, we will
use what we call a weight-k Hadamard matrix (Definition 1),
which is a 2" x D submatrix of the Walsh-Hadamard
matrix of size 2" x 2". Here D = Y1, (") is the total
number of bit-strings with Hamming weight at most k.
In Section V-A, we will see that the transformation from
coefficients to eigenvalues in the completely commuting
Hamiltonian H.g is described by this matrix. Therefore by
solving the corresponding ¢! minimization problem we can
reconstruct the sparse coefficient vector with bounded error
from few eigenvalue estimates (more precisely, differences
between eigenvalues). For a more detailed discussion see
Section IV-B. In particular we prove that the weight-k
Hadamard matrix has the desired restricted isometry
property (RIP).

B. The Hamiltonian Learning Protocol

We focus on learning a k-body Hamiltonian with M terms,
which takes the form

H=Y upP, (7)

PeP,

where P, is the set of all Pauli matrices, —1 < up < 1, and
up # 0 only for M Pauli terms P, with wt(P,) < k. Here we
will briefly describe our protocol for learning this Hamiltonian.

First, the Hamiltonian reshaping procedure discussed in
Section IV-A provides an effective Hamiltonian consisting of
completely commuting Pauli terms. Section V-A contains a
detailed discussion of the eigenvalues and eigenvectors of
these Hamiltonians, which we will briefly summarize here.
As stated in (6), the effective Hamiltonian takes the form
Hep = 3 pesc, HpP, where

Ks=1QQ : 0/ =Tord®t, (8)

J=1
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TABLE I
TOTAL EVOLUTION TIMES OF DIFFERENT METHODS TO ACHIEVE ¢{” ERROR €

Power law interactions

Sparse SY model

Power law interactions

a<D a>D
5(714/1’/62) (with L-R bound)
1 1
1] unknown unknown unknown!(without L-R bound)
(5] exp(O(n)/e) exp(O(n)/€) exp(O(n)/e)
6(n4/p/62) (with L-R bound)
1 1
[2) unknown unknown unknown!(without L-R bound)
6] o ((nzp)j:‘l/pn) o (nus/:ww) o <n4:f/p>
3 ~ o (n2p)t/Pt1 = p2/pt2 ~ . p2/p+t2 p20046)/p ) \ o
[45] (@] <7€ O|*——— O ( min — e

~ 2.\1/p+1/2
This work (2272 )

S(F) o[

I Lack of Lieb-Robinson bound.
214+Kk=1+4+2D/(a+ D) > 1.

3 Using the method in (45, Theorem 5.1], the total numbers of experiments for these examples
are O(n*p?), O(n*), and O(min{n*, n**/P /e2#}) respectively, compared to O(n?p), O(n?),

O(n?) using the method in this work.

as given in (16). We note that within the set g, each element
can be represented by a bit-string ¢ € {0, 1}*. This is because,
for the ith qubit, the Pauli operator has a component on it
that is either the identity or o, and we choose ¢; = 0
for the former and c; 1 for the latter. Based on the
above, we can rewrite H.g as Heg = ZCE{O,I}" U-P., where
P. = @,(c%),¢; € {0,1} with the coefficient w, = up if
P. =P, and u. = 0 otherwise. We then collect all coefficients
Hc into a 2"-dimensional vector pgz. Note that this vector
contains at most M non-zero entries.

Each eigenvector can similarly be uniquely associated with
a bit-string b, and a Pauli term P, contributes to the cor-
responding eigenvalue by an amount of (—1)°*. From the
above observation, we can see that the relation between the
eigenvalues and coefficients of H.g can be written down in a
more compact form:

where H is the 2" x 2" Hadamard matrix defined in
Definition 1. Therefore we can reconstruct the coefficients
of the Hamiltonian by p; = H™'A = % HA. This approach
has the drawback that we will need to estimate all 2" of the
eigenvalues. While techniques such as “bins and peelings”
for Walsh-Hadamard transforms with sparsity in the transform
domain [67], [68] could theoretically reduce the computational
cost, as used in [3] and [24], they cannot be used to achieve
the Heisenberg-limited scaling and typically assume that the
sparse support is randomly distributed across the entire vector
space, rather than localized to the subspace with weight at
most k.

We therefore need to consider an alternative approach,
which is through compressed sensing. Using (9) to provide
the constraint in (1) and minimizing the ¢' norm of the
coefficients, we will be able to recover the coefficients Hg.
Quantitatively, if H.g contains M non-zero terms, then the

coeflicients can be recovered with 5(M) eigenvalue estimates.
For a more detailed discussion see Section V-C.

To complete our description of the learning protocol
for H.g, we only need to describe the experimental setup
to learn the eigenvalue corresponding to a given eigenvector,
which is a product state. We call such an experiment a
phase estimation experiment. It consists of the following steps:
(1) Prepare the initial state \%(|O)ﬁ + b)) as in (39). (2) Let
the system evolve for time ¢ while applying random Pauli
operators from g (defined in (8)) with interval 7. (3) Measure
the observables Xg or Yﬁb (by measuring every qubit in either
o*, 07, or o basis) as defined in (41) and (44) to obtain
a =1 outcome.

With these experiments we can estimate eigenvalue differ-
ence A, — Ao through the robust frequency estimation protocol
introduced in Section IV-C. In particular, these estima-
tions have Heisenberg-limited scaling and are SPAM-robust.
We will further discuss how we estimate A, — Ao and the
complexity of the number of independent non-adaptive experi-
ments and total evolution time in Section V-B. Combined with
compressed sensing, we can now learn all coefficients in Heg
efficiently and with Heisenberg-limited scaling. Theorem 5
also tells us that in order to keep the ¢!-error of the coefficient
estimates below € we need to estimate the randomly sampled
eigenvalues to precision O(eM~'72), which results in a total
evolution time of O(M'/?/€) for eigenvalue estimate using
robust phase estimation according to Theorem 6. The total
evolution time ~needed for learning H.g with ¢'-error at most
€ is therefore O(M'3 /e).

We can now learn H.g, whose terms are all contained in the
set KCg as defined in (8). In other words, for each Pauli term P
in H.g, its component on the jth qubit is either I or o/ where
Bj € {x,y,z}. We will next focus on the way to choose a set
of B so that all the terms in the Hamiltonians are covered
with large probability. We can show that uniformly randomly
choosing 8 is a good strategy. Since each Pauli term P in the
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Hamiltonian is k-body, for a uniformly randomly generated j3,
P € Kz with probability at least 37%. It therefore
takes L = 3% log(M /6pasis) samples of B to ensure that all the
M terms are included in at least one of the L instances with
probability at least 1 — Opygis. This ensures that each term P
is learned via one of the H.g. Taking this overhead L into
account, we then arrive at our main result (using the notation
of K as defined in (8) and P,(f() for the set of Pauli operators
on at most k qubits as defined in (15)):

Theorem 3 (Learning a k-body Hamiltonian containing
M terms): We assume that the quantum system is evolving
under a k-body Hamiltonian with M terms (Definition 2). With
Nexp independent non-adaptive (B,b;,t;, 7)-phase estimation
experiments (Definition 3), j = 1,2, -+, Nexp, with the SPAM
error (Definition 4) satisfying espam < 1/(3 \/5), we can obtain
estimates [1p for every P € P such that, with probability at
least 1 — ¢

I/p
Do ole-pl’| <e (10)

PePP\(1)

for 1 < p <2. In the above N, {t;}, and 7 satisfy

Nexp = OGFM),

- 9kM1/l7+1/2
r=y,=0(20),
j

and 7 = Q37 ke/(M'/PT3/2 log(M/5))).

This theorem is stated as Theorem 9 later in the text.
Although k = O(1) throughout, we keep factors 2°®) explicit
to help inform the reader on some k dependence. More precise
results are in Remark 3.

We also discuss the robustness of our method to modeling
errors, i.e., the Hamiltonian may contain more than M terms
and may not be exactly k-body, in Section V-E. The com-
putational complexity of solving the £!-minimization problem
in (1) is discussed in Section V-F. Operational interpretations
of the £'- and ¢?-error metrics are discussed in Section VII.

C. Lower Bounds

Besides the learning protocol we also provide a lower bound
for the Hamiltonian learning task we consider. Specifically
we consider the dependence on the tolerated {'-error € and
the number of Pauli terms M. The adaptive experiments are
modeled as in [69], where all experiments form a tree such that
the outcome of the experiment at a vertex determines which
child leaf to move to, thus determining the next experiment
to perform. Our main tool for the total evolution time lower
bound is Assouad’s lemma [70], which provides a lower bound
on the achievable ¢'-error given two prerequisites: (1) an
estimate of how hard it is to distinguish two output probability
distributions if they come from two Hamiltonians that differ
slightly, and (2) a lower bound on the penalty in ¢!-error if
such a pair of Hamiltonians are not correctly distinguished.
The second prerequisite is easy to fulfill, as discussed in the
proof of Theorem 11. For the first prerequisite, we follow [5]
to capture the difficulty of correctly distinguishing the output
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probability distributions by induction on the tree of adaptive
experiments. We show that for a series of adaptive experiments
with Hamiltonians H and H’ respectively, if each of them
involve a SPAM error of order 7y, then the total variation
distance between the output distributions is upper bounded by
1 —yH=H'IT ' Combining this with Assouad’s lemma allows us
to prove the lower bound: If a learning algorithm can learn
the coefficients of an n-qubit Hamiltonian H = 22421 HaPy
with any unknown parameters |u,| < 1, i.e., after multiple
rounds of noisy experiments, the algorithm can estimate any
1= (U1, ...,y to e-error in the £'-norm in expectation value
averaged over experimental outcomes, then,

S M
~ eelog(l/y)
Details of the proofs are in Section VI and Appendix D.

(1)

III. NOTATIONS

In this work we use ||x]|, to denote the £”-norm of vector x.
For a bit string b, we use |b| to denote its Hamming weight.
The Pauli matrices are denoted by o*,0”,0°. We use the
following notation to denote the Pauli eigenstates:

IL,2)=10), [-1,2)=|1), =1, x)=1-),

1 1
Ly)y=——=(0) +ill)), [-1,y)=—=(0)—i[1}). 12
ILy) \5(|>+l|>) =1y \/§(|> (1) (12)

We denote the set of all n-qubit Pauli matrices by P,:

1L xy=1+),

n
P, = ®P,<:P,-=I,o"‘,0'y, or oy .

i=1
For each P = Q) P; € P,, we define its weight by
wt(P) = [{i : P; # I}|.

13)

(14)

We denote the set of Pauli operators that are at most k-body
by
PY = (PeP,: wt(P) < k}. (15)

IV. BACKGROUND
A. Hamiltonian Reshaping

The basic idea behind [5] is that we can reshape the
Hamiltonian during time evolution into a new Hamiltonian that
is easy to learn and also contains useful information about the
original Hamiltonian. In this section we will provide a brief
introduction to this technique.

Hamiltonian reshaping is done by doing random unitary
transformations to the time evolution operator correspond-
ing to the unknown Hamiltonian and obtaining the effective
Hamiltonian H.z. At each time step we apply a unitary
transformation that is randomly sampled from an ensemble,
which we will describe later in this section. As a result
the system evolves under a random Hamiltonian transformed
under the unitary operation. We assume that these unitary
transformations are applied instantaneously. The same analysis
as the one underlying the randomized Hamiltonian simulation
algorithm known as qDRIFT [71], [72], [73] then tells us that
the effective Hamiltonian H.g is the ensemble average of the
random Hamiltonians. This approach is similar in spirit to
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dynamical decoupling [74], [75], which applies unitary oper-
ations in a deterministic manner. However, the randomness
in our protocol is helpful as it allows us to efficiently apply
random unitaries from a potentially exponentially large set.
In this work we will need to use the Hamiltonian reshaping
technique to obtain an effective Hamiltonian that is diagonal
with respect to a given single-qubit Pauli eigenbasis. More pre-
cisely, given a vector 8 = (81,52, -+ ,Bn), Where 8; € {x,y,z},
we want the effective Hamiltonian to only contain Pauli terms
that are either I or o on the ith qubit. To achieve this, we
apply, with an interval of 7, Pauli operators randomly drawn
from the set
n
Kg={@Q: 0/ =Toroh (16)
J=1
Here we can see that |Cg| = 2. Kg here is an abelian subgroup
of the Pauli group on n qubits. Also, 7 needs to be sufficiently
small as will be analyzed in Theorem 4. More precisely, the
evolution of the quantum system is described by

0, e, - 0r 70,0167,

where Q, k =1,2,--- ,r, is uniformly randomly drawn from
the set Ks. In one time step of length 7, the quantum state
evolves as

1 . )
P E Z Qe—lHTQerlHTQ

7

Qelp

1
=p =5 > iTlQHQ.pl + O()

QE’ij
= p — it[Her, p] + O@%) = e Hpe™™ 1 O(z%),  (18)
where H.g, the effective Hamiltonian, is
1
Hew = 5, ) QHO. (19)

QEK:ﬁ

In Appendix A we will provide a bound on how far the actual
dynamics deviate from the dynamics induced by the effective
Hamiltonian.

The above can be seen as a linear transformation of the
Hamiltonian H. It is therefore reasonable to consider what is
the effect of the above transformation on each Pauli term in
the Hamiltonian. For a Pauli term P,, we note that there are
two possible outcomes:

Lemma 1: Let P be a Pauli operator and let Xg be as defined
in (16). Then

1
§ZQPQ=

QE}Cﬁ

P, if P e C(Kp),

) (20)
0, if P ¢ C(Kp),

where C(Kz) denotes the centralizer of the subgroup K.
Proof: If P € C(Kg), then QPQ = P for all
QO € Kg, and averaging over all Q therefore yields P.
If P ¢ Ks, then there exists Qy € Kz such that
PQy = —QyP (because two Pauli matrices either commute
or anti-commute). Consider the mapping ¢ : Kz — Kp
defined by ¢(Q) = QpQ. This is a bijection from Kz to
itself, and it can be readily checked that if QO commutes
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with P, then ¢(Q) anti-commutes with P; if Q anti-commutes
with P, then ¢(Q) commutes with P. Consequently QPQ = P
for half of all Q € Kz and QPQ = —P for the other half. Thus
taking the average yields 0. O

The above lemma allows us to select which Pauli terms we
want to preserve in the Hamiltonian and which ones we want
to discard. Because C(Kz) = K, we have

Hef = Z HaPa.

a:P,eky

2n

Note that because Kp is abelian, Hey consists of commuting
Pauli terms, making it easier to learn the coefficients, as
will be discussed in Section V-C. Also the coefficients u,
of P, that are in XCs are preserved in this effective Hamiltonian.
We therefore need to choose a set of 8 so that each Pauli term
of H is contained in at least one of the H.g corresponding to
a 8. We will discuss the way to do this in Section V-D.

While Lemma 1 concerns the uniform average over all
2" elements of a set of commuting Pauli operators, in our
learning protocol we will randomly sample from this set.
To assess the protocol’s accuracy, we will use the following
theorem.

Theorem 4: Let B be a length-n string of x,y,z, and let g
be as defined in (16). Let U be the random unitary defined
in (17). Let V = e~et! for H.q given in (21), and ¢ = rr. We
define the quantum channels ¢/ and V be

Up) = E[UpU™, V(p) = VpV'.
Then

2.2
- v, < 22

Here the norm is the diamond norm (or completely-
bounded norm), given in terms of the Schatten L; norm by
e4ls := maxxyx, <1 || ((4®1,)(X) |- The proof can be found in
Appendix A, where we analyze how the error in each segment
of time-evolution contributes to the total diamond distance
between the quantum channels &/ and V. The error in each
segment is analyzed using a Taylor expansion.

B. Compressed Sensing

The task of learning a sparse coefficient vector is stud-
ied in the field of compressed sensing, which is related to
learning the M-sparse coefficient vector in the Hamiltonian
learning scenario. Compressed sensing provides a powerful
tool to reconstruct a sparse high-dimensional vector from few
measurements. This is relevant to the problem we are studying:
the Hamiltonian coefficients form an M-sparse vector, but this
vector is at the same time high-dimensional, as any of the
O®@") k-local Pauli terms can be present.

The basic setup of compressed sensing is as follows: we
want to reconstruct a vector x € CP based on observations
y € C' of the form

y =Ax +e, (22)

where A is a I' x D matrix and e € C' represents (typ-
ically small) noise in the observation. When I' < D, we
will not be able to uniquely determine x in general. How-
ever, below we will use A that has the restricted isometry

Authorized licensed use limited to: CALIFORNIA INSTITUTE OF TECHNOLOGY. Downloaded on September 26,2026 at 16:36:56 UTC from IEEE Xplore. Restrictions apply.



7560

property (RIP), which will be discussed in detail in
Appendix B. The restricted isometry property of A guarantees
that the £2-norm of any sparse vector x will be approximately
preserved after applying A. This intuitively implies that we
can have enough information to reconstruct X given access to
Ax. A matrix satisfying the RIP is nearly an isometry when
acting on sufficiently sparse vectors, and thus the vector we
want to reconstruct is not distorted beyond recognition when
transformed through this matrix.

We further assume that x is M-sparse and solve the follow-
ing ¢'-minimization problem,

mi;leiggize lzll;  subject to ||Az — y|l, < n VT, (23)
with I' being sufficiently large but potentially small compared
to D. The solution x* € CP is guaranteed to be close to the
actual vector x if each entry of the error vector e is at most 77 in
absolute value. The optimization problem (23) can be solved
efficiently as we show in Section V-F.

In this work, we will focus on what we call a weight-k
Hadamard matrix, which we define as follows:

Definition 1 (Weight-k Hadamard matrix H®): Let H be

the Hadamard matrix of size 2" x 2", i.e.,

11 ®n
(1)

For each i = 1,2,---,2", we let b; be the n-bit string
representing the integer i — 1. Then the weight-k Hadamard
matrix, denoted as H®, is the sub-matrix of H consisting of
every ith column of H where |b;| < k. Here |b;| is the Hamming
weight of the bit string b;.

One can readily see that H® is of size 2" x D where D =
> (). Below we will use this matrix for our compressed
sensing task. Before we state the result we will first introduce
a notation: we define for a vector x and integers s, p > 0,

os(X)p = min [|X -yl (24)

yillyllo<s
In other words o4(x), is the smallest error in the p-norm one
can achieve when approximating x with an s-sparse vector.
Theorem 5  (Compressed sensing with the weight-k
Hadamard matrix): Let D = Y (). Let A € C™*P be a
matrix whose rows are independently randomly sampled from
the rows of H® with replacement. Let 6cs € (0,1) and let

M > 0 be an integer. If

T > CM max{In2(M) In(M In(D)) In(D), In(1/5¢cs)},  (25)

then, with probability at least 1 —dcs, the following statement
holds for every x € CP. Let noisy samples y = Ax + e be
given with |le], < 7 VT, and let x* be the solution of the £'-
minimization problem (23). Then

-]

oy(x); is defined as in (24). All constants C,C,C, > 0 are
universal.

The proof of this theorem is provided in Appendix B. From
the above theorem we can see that, if x is itself M-sparse, then
ou(%); = 0, and the £'-minimization allows us to estimate x
to within C,M"'/P~1/2) error in the £P-norm.

C
——— (X)) + CyM Py,

1
ST 1<p<2. (26)
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C. Robust Frequency Estimation

Taking advantage of the Hamiltonian reshaping procedure,
we will be able to identify eigenvectors of the effective
Hamiltonian, and as a part of the protocol we want to
estimate the corresponding eigenvalue. The estimation needs
to be performed in a noise-robust way in order to achieve
Heisenberg-limited scaling and SPAM robustness. The robust
frequency estimation protocol that we introduce in this section
helps us achieve this goal. This protocol follows the same idea
as the robust phase estimation protocol [76], but is modified
to obtain a good confidence interval rather than minimizing
the mean-squared error.

From the phase estimation experiments to be introduced
in Section V-B, we will generate signals fluctuating around
cos(6t) and sin(6r) where 6 corresponds to the eigenvalue we
want to estimate. The goal is therefore to reconstruct 6 based
on noisy estimates of cos(ff) and sin(6¢). Through the robust
frequency estimation protocol, we can accomplish this task
with the cost stated in the following theorem:

Theorem 6 (Robust frequency estimation): Let 8 € [-A, A].
Let X(#) and Y(¢) be independent random variables satisfying

|X(#) — cos(01)| < 1/ \/5, with probability at least 2/3,
|Y(t) —sin(6r)| < 1/ \5, with probability at least 2/3. (27)

Then with K independent non-adaptive!  samples
X(1),X(1),---, X(tx) and Y(t1),Y(12),--- ,Y(tx), 1; = O,
for

K = O(log(A/e)(log(1/q) + loglog(A/e))), (28)

K
T =) t;=0O((1/e)log(1/q) + loglog(A/e))),

j=1

maxt; = O(1/e), 29)

J
we can obtain a random variable & such that
Pr{ld— 6] > €] < q. (30)

For a detailed proof see Appendix D. The main idea is
to reduce the estimation problem into a sequence of decision
problems with binary outputs in a way similar to bisection.
Solving each of these decision problems updates our knowl-
edge of 6, and in the process we obtain a smaller and smaller
interval containing the exact value. We stop the process when
the interval is small enough to provide sufficient accuracy.

V. THE HAMILTONIAN LEARNING PROTOCOL

The Hamiltonians we will focus on in this work are defined
as follows

Definition 2 (k-body Hamiltonians with M terms): A k-body
Hamiltonians with M terms takes the form

H = ZHPP,

PeP,

(€2))]
where P, is the set of all Pauli matrices defined in (13), —1 <
up < 1, and up # 0 only for M Pauli terms P, with wt(P,) < k.

!By “non-adaptive” we mean that the choice of each t; does not depend
on the value of X(¢;) or Y(t}) for any j'.
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Fig. 1. The learning protocol. Quantum processes are illustrated in blue blocks, and classical processes are illustrated in orange blocks. State preparation

and measurement (SPAM) errors are taken into account in the experiments.
A. Completely Commuting Hamiltonians

The Hamiltonian reshaping procedure discussed in
Section IV-A provides an effective Hamiltonian consisting
of completely commuting Pauli terms, by which we mean
that the Pauli terms commute with each other when acting
on any one of the qubits. One can readily verify that the
Pauli terms in Kg (16) satisfy this requirement. We call
these Hamiltonians completely commuting Hamiltonians.
Equivalently, we can assign an 0¥, ¢, or ¢° basis to each
qubit, thus forming a basis for the entire Hilbert space, and
then require the Hamiltonian to be diagonal in this basis.

The effective Hamiltonian from Hamiltonian reshaping

takes the form
Heg = Z upP,
PeKCp

(32)

as shown in (21). The set Kz of completely commuting
Pauli terms is specified by the basis given through g =
(B1,B2, - ,Bn), as defined in (16). Based on the above, we
can rewrite H.g in another way:

Her = Z HePe,

ce{0, 1}

(33)

where

P, = Q™). ¢ ef0.1}, (34)

the coefficient y. = up if P. = P, and u. = 0 otherwise. We
then collect all coefficients (. into a 2"-dimensional vector pg.
Note that this vector contains at most M non-zero entries.

The effective Hamiltonian H.g has the nice property that
its eigenvalues and eigenstates can be written down explicitly.
For an n-bit string b = (by, by, --- ,b,) we define

IbYs = @) | (1), 8.

i=1

(35)

The Pauli eigenstates |£1,5) are defined as in (12). Then the
above |b)s is an eigenstate of H.g. We can write down its
corresponding eigenvalue, which is

A=Y p(=D,
c€{0,1}"

where ¢ - b = c1b; + c2by + -+ + ¢,b, (mod 2). Collecting
all eigenvalues A, into a 2"-dimensional vector A, we can
then write down the relation between the eigenvalues and
coefficients in a more compact form:

A= Hpﬁ,

where H is the 2" x 2" Hadamard matrix defined in
Definition 1. Therefore we can reconstruct the coefficients of
the Hamiltonian by

(36)

(37)

1
2n
This approach has the drawback that we will need to estimate
all 2" of the eigenvalues. While techniques such as “bins and
peelings” for Walsh-Hadamard transforms with sparsity in the
transform domain [67], [68] could theoretically reduce the
computational cost, as used in [3] and [24], they cannot be
used to achieve the Heisenberg-limited scaling and typically
assume that the sparse support is randomly distributed across
the entire vector space, rather than localized to the subspace
with weight at most k. We therefore need to consider an
alternative approach in Section V-C.

ps=H'A1= —HA (38)

B. The Experimental Setup

As illustrated in Fig 1, in an experiment we will start from
an initial state

1
[po) = —=

V2
1 n n

— LBy + |(—1>"f,ﬁi)) , (39)
i (®n®

where [b)s is defined in (35), and the bit string b # 0. This
state can be prepared from a |b|-qubit GHZ state by applying

(1035 + 1£)p)
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o* on some of the qubits. The GHZ state can be prepared
in constant depth using measurements and feedback [77],
[78]. Because b is uniformly sampled from all bit-strings of
length n, the average size of the GHZ state that needs to be
prepared is n/2.

Remark 2: Note that if one restricts sampling to smaller
entangled states, for example for GHZ states with bit-strings
with E|b| < w for some w < n/2, reducing the required
expected GHZ size to w qubits. However, this changes the row
distribution from uniform over all 2" rows to uniform over
a subsets of rows. However, the BOS orthonormality (with
K = 1), which is required for establishing the RIP property in
the compressed sensing protocol, of the columns of H® holds
with respect to the full 2"-row uniform measure and does not
automatically extend to the restricted measure.

One way to avoid using entangled states is to estimate
Ao = A = >, A, — Ap,,,,» where each b, and b, differ
on only one bit, and all {b,} form a path on the boolean
hypercube linking O to b. In this approach we only need to
use states that are superpositions of |b,)z and |bu+1)ﬁ, which
are unentangled product states. The drawback is that one
needs to increase the number of experiments, which result in
an O(n) overhead in the total cost. It is unclear whether this is
the optimal way to restrict to unentangled states, and we leave
a rigorous treatment of the optimal tradeoff as future work.

We then let the system evolve while applying random Pauli
operators with interval 7 for time ¢ to perform Hamiltonian
reshaping as discussed in (17). Because |0); and |b); are both
eigenstates of the effective Hamiltonian H.g corresponding
to eigenvalues Ay and A, (defined in (36)), as discussed in
Section V-A, at time ¢ we will approximately obtain the state

1 . .
) = —= (™" 0)s + e b)p). (40)
¢f \/E B B
In the end, we then measure the observable
X5 = Q2 (41)
i=1

where each Q; is chosen to be a Pauli operator such that
QilLB) = |=D".B), Q| (=D, Bi) = 11,85

Such Q; operators can be constructed as follows: in the case
of b = 1, if B; = z then Q; = 0%, and if §; = y or x then
Q; = 0% in the case of b; = 0 then Q; = I. This observable
therefore satisfies

Xg10)s = [bg),  Xg |bs) = |0g).
The expectation value will be
(i X 1¢1) = cos((Ap — Ao)0).

Note that in order to measure Xg we only need to measure
each individual Q; to obtain a £1 outcome and then multiply
them together.

Similarly, we can measure the observable

Y5 =@ 0.
i=1

(42)

(43)

(44)
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where the Q; operators are chosen slightly differently. For the
first i for which b; = 1, we choose Q; so that

QiILBY =i|(=D".B),  Qi|(=D".Bi) = —ilLB).

Note that we can choose Q; =0” if 8i=2z, Q; =0 if B =y,
and Q; = —o” if B; = x to satisfy this requirement. For all
other i we choose Q; to satisfy (42). The resulting operator Yg
satisfies

(45)

Y510)s = ilbg), Yy |bs) = —i]0g).
Therefore the expectation value is
(il Y5 16,) = —sin((A — A)1).

We summarize the above experiment in the following

definition

Definition 3 (Phase estimation experiment): We call the

procedure below a (B, b, t, T)-phase estimation experiment:

1) Prepare the initial state %(IO)ﬁ + b)) as in (39).

2) Let the system evolve for time ¢ while applying ran-
dom Pauli operators from Kz (defined in (16)) with
interval 7.

3) Measure the observables Xg or Yé’ (by measuring every
qubit in either o*, 07, or o* basis) as defined above to
obtain a £1 outcome.

(46)

The goal of the above experiment is to estimate A, — Ao,
for which we also need to use the robust frequency estimation
protocol introduced in Section IV-C. Below we will discuss
how this is done, and analyze the effect of the Hamiltonian
reshaping error and the state preparation and measurement
(SPAM) error.

We model the SPAM error as follows:

Definition 4: The preparation of the initial state involves
an error channel &, applied after the ideal state preparation
channel, and the measurement involves an error channel & eas
applied before the ideal measurement channel. We assume that

||8prep = Illo + I€meas = Zllo < €spam-

Through a (B,b,t,7)-phase estimation experiment, if we
measure X;; in the end, we will obtain a random variable
s*(t) € {£1}. If we had the exact state |¢,) as defined in (40),
then we would have E[s*(f)] = cos((4, — Ap)t). However, due
to the Hamiltonian reshaping error and the SPAM error, we
have

. 4M> 1
[ELs*(1)] = cos((Ap = A0)D)| <

+ €spaM- 47)

Notice that the first term on the right-hand side comes from
the Hamiltonian reshaping error, where we set ¢t = r7 as in
Theorem 4. Moreover the variance of s*(¢) is at most 1 because
it can only take values 1. We assume that espam < 1/(3 \/i),
and choose 7 to be r = O(M?#?) so that

AM?t? B 1
r 342

Note that 7 and r are related through 7 = ¢/r. Then we have

ELs*(1)] - cos((A — A0)D)| < %
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We then take 54 independent samples of s*(¢) and average
them, denoting the sample average by X(#). By Chebyshev’s
inequality, this ensures

Pr[IX(r) - E[s* (D]l = 1/(3V2)]

= Pr{|X(1) — E(X(0)]| = 1/(3V2)]
1 1

= Sax GV 3

Therefore combining the above with (47) we have
Pr{|X(¢) — cos((A, — A)H)| > 1/ V2] < 1/3.

This guarantees estimating cos((d, — Ap)) to a constant 1/ \V2
accuracy with at least 2/3 probability, which gives us the
X(t) required in the robust frequency estimation protocol in
Theorem 6. The Y(¢) in Theorem 6 can be similarly obtained.
We also note that because |1,—A1g| < 2M, we can set A = 2M in
Theorem 6. Therefore we can state the following for the phase
estimation experiment (using the notation of Kz as defined
in (16) and Pff‘) for the set of Pauli operators on at most k
qubits as defined in (15)):

Theorem 7: We assume that the quantum system is evolving
under a k-body Hamiltonian with M terms (Definition 2). With
Nexp independent non-adaptive (B,b;,t;, 7;)-phase estimation
experiments (Definition 3), j = 1,2, , Nexp, with the SPAM
error (Definition 4) satisfying espam < 1/(3 V2), we can obtain
an estimate @ such that

Pr{|d — (4, — A0)l = 77] < g,

where 1y and A, (defined in (36)) are eigenvalues of the
effective Hamiltonian Hg defined in (33). In the above Neyp,
{t;}, and {7} satisfy

Nexp = O(log(M/n)(log(1/q) + loglog(M /n))),

N. exp

1
T= ij =0 (E(IOg(l/q) + logIOg(M/n))) ,
j=1

maxt; = O(1/n), (48)
j

and 7; = Q(1/(M*1;)). D = Y"1 (}) = ©().

C. Learning a Completely Commuting Hamiltonian

In the last section we have shown how to estimate eigen-
value differences A,—A( through phase estimation experiments.
Up to fixing a global phase, we have the eigenvalues A,
(we will discuss the global phase issue in more detail later
in this section). These eigenvalues can be used to recover
the Hamiltonian coefficients though an inverse Hadamard
transform as described in (38), but a naive approach would not
be efficient as there are 2" different eigenvalues to estimate.
Note that we have not yet used the information that the
coefficient vector Hg contains at most M non-zero entries,
and compressed sensing is a tool that utilizes exactly this
information.

Before we apply compressed sensing, we first note that all
the nonzero entries of y5 of the unknown k-body Hamiltonian
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must (by assumption) correspond to k-body Pauli terms, which
already helps us reduce the size of the linear system. Let y(ﬁk)
be the D-dimensional vector consisting of the entries of u that
correspond to k-body Pauli terms, where D = Zf:o (’;) Then

we can write (37) as
A=HO,

where H® is the 2" x D weight-k Hadamard matrix defined
in Definition 1.

As is commonly done in compressed sensing, we generate
I" independent samples of the rows of H®, use those rows to
form a matrix A, and use the corresponding entries of A to
form a vector y. Then we solve the ¢!-minimization problem
in (23), where 7 is the estimation error upper bound for each
entry of y. When I' satisfies (25), then by Theorem 5 the
solution of the ¢'-minimization problem (23) is guaranteed to
be close to the actual coefficients. More precisely, denoting
the solution by ﬂg‘), we have IIﬂg{) —ﬂ/(gk)llp < CoMYP12y for
I<p<2

In the above we assumed that we can estimate eigenvalues
Ap for any b € {0, 1}" to precision 5. This is impossible given
the ambiguity coming from the global phase. However, we
will explain why this does not affect our ability to learn the
Hamiltonian. Note that the phase estimation experiment allows
us to estimate A, —Ap. We can therefore fix the global phase by
first assuming Ay = 0 to obtain A,. This can be done by shifting
the effective Hamiltonian, so that we are in fact estimating the
eigenvalues of

Helf = <_Zﬂc) I+ Zﬂcpc“
c#0 c#0
Therefore the above procedure guarantees that we can learn
all the coefficients y. accurately. Note that these . correspond
to all Pauli terms that are k-body and are in Kg. Therefore
we have obtained a set of estimates fip for all P € Kg and
wt(P) < k that satisfies

2

PefCp:1<wt(P)<k

1/p

lap —ppl? | <CMVP 1y (49)
for 1 < p <2 and a universal constant C.

Multiplying the overhead of compressed sensing as
described in (25) by the number of samples Ny, and total
evolution time T described in Theorem 7, we arrive at the
following theorem (using the notation of [’ as defined in (16)
and P for the set of Pauli operators on at most k qubits as
defined in (15)):

Theorem 8 (Learning the coefficients of terms in Kpg):
We assume that the quantum system is evolving under
a k-body Hamiltonian with M terms (Definition 2). With
Nexp independent non-adaptive (B, b;,t;,7;)-phase estimation
experiments (Definition 3), j = 1,2, -+, Nexp, with the SPAM
error (Definition 4) satisfying espam < 1/(3 \/5), we can obtain
estimates fip for every P € Kp ﬂPg‘), such that (49) holds with
probability at least 1 — 6cs — I'q. In the above Neyp, {#;}, and
{r;} satisfy

Nexp = O log(M/n)(log(1/q) + loglog(M/m))),

Authorized licensed use limited to: CALIFORNIA INSTITUTE OF TECHNOLOGY. Downloaded on September 26,2026 at 16:36:56 UTC from IEEE Xplore. Restrictions apply.



7564

Nexp

r
T= ij =0 (E(log(l/q) + loglog(M/n))) ,
j=1
max 1; = O(1/n), (50)
J
I = O (M(n*(M) In(M In(D)) In(D) + In(1/8¢s))), ~ (51)

and 7; = Q(1/(M?1))). D = Y"1, (1) = ©@").

The success probability in the theorem comes from consid-
ering all possible ways the protocol may fail and then taking
the union bound: it may fail because the sub-sampled matrix
in compressed sensing does not have the RIP property, which
contributes a failure probability of dcs, and it may fail because
any one of the eigenvalue estimations is not accurate enough,
which contributes a failure probability of I'q. Note that the
failure probability can be made small with little overhead, as
the dependence on 1/¢q and 1/dcs are both logarithmic.

D. Randomized Basis Selection

In the previous section we have discussed how to learn all
the coefficients corresponding to Hamiltonian terms contained
in the set Kz (defined in (16)). In this section, we will focus
on the way to choose a set of K so that all the terms in the
Hamiltonians are covered with large probability. We will show
that uniformly randomly choosing Kz is a good strategy.

To see this, we observe that by uniformly randomly sam-
pling a 8 € {x,y,z}", for a fixed Pauli operator P € P,

Pr{P € Kg] = 37 > 37,

Therefore, each time we learn a randomly sample S, there is
at least 37 probability that we will learn the coefficient yup
for wt(P) < k. If we generate L independent samples of 3,
then the probability of a term P being not covered in any of
the L instances is at most (1 — 37%). By the union bound, to
ensure that all the M terms are included in at least one of the
L instances with probability at least 1 — Opygi5, We need

M(1 =3 < Mexp(37°L) < Spusis- (52)

It is thus sufficient to choose L = 3F log(M /6pasis)- Taking this
overhead L into account, we then arrive at our main result
(using the notation of K as defined in (16) and PP for the
set of Pauli operators on at most k qubits as defined in (15)):

Theorem 9 (Learning a k-body Hamiltonian containing
M terms): We assume that the quantum system is evolving
under a k-body Hamiltonian with M terms (Definition 2). With
Nexp independent non-adaptive (8,b;,1;, 7)-phase estimation
experiments (Definition 3), j = 1,2, , Nexp, with the SPAM
error (Definition 4) satisfying espam < 1/(3 V2), we can obtain
estimates fip for every P € P¥ such that, with probability at
least 1 — ¢ 1/p

Y -l | <e (53)

PeP (1)

for 1 < p < 2. In the above Neyp, {t;}, and 7 satisfy
Nexp = 5(3kM),
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- 9kM1/P+1/2
r-y-o(2).
J

and 7 = Q(37Ke/(M'/PH3/2 log(M/5))).

In the above, we choose 7 to be the same for all experiments
for simplicity. One can also choose 7 differently for each
experiment to reduce the total number of Pauli operators that
are needed, as is done in the remark below. We are primarily
concerned with the cases with p = 1 and p = 2, which
have specific operational interpretations that we will discuss
in Section VII, but our result holds for all 1 < p <2.

Remark 3: In the above we have used the O-notation to
hide polylogarithmic factors. Here we provide a more precise
statement. We constructed a protocol that with probability at
least 1 —Ldcs — LI'g—0pasis, can obtain estimates fip for P € Ps,k)
such that

1/p

Y -l | < CLM'PV,
PERP\(T)

for 1 < p < 2 and a positive universal constant C. This
protocol uses

Nexp = O(LI log(M [1)(log(1/q) + loglog(M /1)),

experiments and
chp

LT
T=) ;=0 (F(IOg(l/q) + log 10g(M/77))) ,
j=1

maxt; = O(1/n), (54)
J

total evolution time. In the above {¢;}, {r;}, I, and L satisfy

' = O (M(In*(M)In(M In(D)) In(D) + In(1/6cs))),  (55)

L=0 (3k 10g(M/5basis)) s
and ; = Q(1/(M?1)). D = Y1 (}) = ().

(56)

E. Robustness to Modeling Errors

In Theorem 5 we have shown that the Hamiltonian learning
protocol is robust against SPAM error. In this section we will
discuss the robustness against modeling errors. More precisely,
we will ask two questions: (1) What if the Hamiltonian
contains more than M terms? (2) What if the terms in the
Hamiltonian are not exactly k-body? We will show that our
learning protocol can still work if these two types of modeling
eIrors occur.

The robustness against the first type of modeling error, i.e.,
that the Hamiltonian contains more than M terms, but all terms
are still k-body, is a direct consequence of Theorem 35, in
which an additional error term o y(x); (defined in (24)) is
included to account for the error of approximating a potentially
non-sparse vector with an M-sparse one. In the context of
Theorem 5, this means an extra term is included in the
estimation error for the coefficients, which gives us

1/p ‘
S r-ml| <S “M(Aj?iff;g(M/ 0

+e (57

PER\(T)
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for some universal constant C, where € is the error bound
without modeling errors as defined in (53), and u is the vector
consisting of up for all P € P, \ {I}. Here we have used the
fact that the best M-sparse approximation error for terms in g
must be smaller than or equal to that for the whole coefficient
vector. From the above we can see that if the Hamiltonian can
be well-approximated by one with M k-body terms, then we
can still obtain an accurate estimate for its leading coefficients.

For the second type of modeling error, we will first
focus on the procedure of learning terms in g described in
Section V-C. The coefficients for all terms in Kz are collected
into a vector ug. Those that are also k-body are collected

into ,u ® while the rest form a vector ﬂ'(gk)

D= Z, o (7) entries.
We denote by A the submatrix of the original Wash-

Hadamard matrix H consisting of the I" rows corresponding to
the randomly sampled rows of A in Theorem 5. We can write
Aas A= [A B], where A € RI*? is the submatrix corespond
to rows of the weight-k Hadamard matrix as defined in
Definition 1, and B € R'X@-P_ Then the eigenvalue
estimates y and the coefficients are related through

. Here pg contains

y=Au+e=Au + By +e, (58)
where e is the vector consisting of errors on each eigenvalue
estimate, and using the phase estimation experiments described
in Section V-B we can ensure that each entry of e is at most
n in absolute value, thus ensuring |le|| < 2y n. We therefore
have

ly - Al < IBag Il + VTn. (59)

Since each entry of B is +1, we can prove that ||[Bw|, <
\T [lw]l; for any (2" — D)-dimensional vector w, and therefore

Ol <

lly = Apglla < VTG + g 1) (60)

This motivates us to solve a modified £!-minimization problem

minimizellz]l;  subject to [ly — Azll, < < VI (6D
2eC

where 77 is any number such that 7 > n + ||,ll( 1. Solving this
¢'-minimization problem yields a solution, Wthh we denote
by ﬁg‘) By Theorem 5 we have

T+ CMYP (62)

C
Ak~
g™ = glly < 5775

We let € be a known upper bound of ||ﬂ;;k)||1, and considering
all 3¥log(M/6) randomly sampled indices 3, we can therefore
produce estimates jip for all k-body coefficients satisfying
(63), shown at the bottom of the page, for universal constants
C1,C, > 0, with the same total evolution time as given in
Theorem 9. Note that this error bound include both types of
modeling errors.
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F. Computational Complexity

In this section we will show that the classical post-
processing takes time that is polynomial in n and log(1/€;)
where n is the number of qubits and € is the allowed
{'-error on the coefficients. The classical post-processing com-
prises solving poly(n,log(1/€;)) £'-minimization problems as
described in (23), which we restate here:

minimize|lzfli  subject to |z~ yll» <7 VT.

Here A is a I' x D submatrix of the Hadamard matrix.
An important feature that we will use later is that all entries
of A are at most 1 in absolute value (in fact they are all +1).
Moreover, the admissible set of this optimization problem is
non-empty, since the exact coefficient vector x that we want
to recover satisfies ||Ax—y||, < < AT I'n, and x is M-sparse whose
entries are bounded by 1 in absolute value. We only need to
show that approximately solving each of these £!-minimization
problems takes time poly(n,log(1/€;)).

We will first demonstrate how this problem can be reformu-
lated as a semidefinite programming (SDP) problem to build
intuition. Because certain SDPs are pathological (for example,
the optimal solution is exponentially large), this does not
immediately imply that the solution is efficient. We therefore
provide a self-contained analysis of the computational com-
plexity by examining its dual (67), and we rigorously prove
that the classical computation requires weak polynomial time.

1) Reformulation to an SDP: We first make the substitution

z=z" -7, V:A(Z*—z’)—y,
where zt = (zf[,zzi Lyt ,z?)[), and they are related to the z
in (23) viaz =z -z~ and z;” = max{z;,0}, z; = — min{0, z;}.
Then (23) can be written as:
minimize z* + 2~
subject to: [vl, < VI,zt >0, z >0. (64)
Introduce the block matrix
I
_(nTv
W= ( v 1), (65)

where the first entry is a scalar, and the lower right block is
an identity matrix. Then W > 0 is equivalent to |[v|[; < 7 T
by a standard inequality on such block matrices.
The optimization becomes
minimize z4 + z_
subject to: z; >0, z_ >0,

v=A(zy -2)-Y,

2 *
wo. w=(""Y). e

1

where the objective is linear and all the constraints are positive
semi-definite constraints, meaning that this is an SDP.

1/p

Ci3 o) log(M/5)

Cy35e

D e —pel | <e+
PR\

(63)

M-1/p M1/2—1/p’
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In practice, semidefinite programs can be solved efficiently.
However, to rigorously prove that (23) is solvable in polyno-
mial time, a more careful analysis of the optimization error and
the properties of the constraints, as in the following section,
is required within the context of the Hamiltonian learning
scenario we are considering.

2) Self-Contained Analysis: For the ¢'-minimization prob-
lem in (23), we consider a related problem in the following
form

minimize ||Az —y|> subject to ||z||; < ¢. (67)
This is equivalent to a convex quadratic program,
minimize %||A(z+ -2) -yl
subject to Y "z +z) <€ 25 20, 7 20, (68)

where z+ = (zf,zf, e ,zg), and they are related to the z in

(67) viaz = z+ —z" as before. This convex quadratic program
can be solved in time poly(I', D, log(1/€")) so that the ||Az—y]||,
obtained is € away from the optimal value [79].

We will first study the properties of the optimization prob-
lem (67) and discuss how it helps us solve the original ¢'
minimization problem (23). We denote by z(¢) the solution to
(67) (which may not be unique, but any one of the solutions
can be used) and by f(¢) the corresponding value of the
objective function, i.e.

f©) = IAz(€) - yll.

We note that when £ is large enough, the constraint in (67)
will have no effect, and the optimization problem is solved
by any z that minimizes ||Az — y||,, which is equivalent to
ATAz = A'y. The smallest value for & for which this happens
is

& = min{|lz|l; : A"Az = A'y}. (69)

Lemma 2: Let AT be the Moore—Penrose pseudoinverse
of A.
(i) If £ > &, then f(£) = y'y -y AATy.
(1) If 0 < &€ < &, then ||z(&)|l; = € and f(£) is a strictly
decreasing function of &.
(iii) f is Lipschitz continuous with Lipschitz constant VT.
More precisely, for any 0 < ¢ < &, we have

&) < fE) < f(&) + VT(E - &).

Proof: For (i), we note that the constraint in (67) no longer
has any effect and we are solving an unconstrained quadratic
optimization problem. Solving this unconstrained quadratic
optimization problem readily yields the expression for f(&),
which does not depend on &.

For (ii), if ||z(£)|l; < &, then there exists an open neigh-
borhood U of z(¢) such that U c {z : |z} < &}. Because
z(¢) minimizes ||Az — y||2 within the open neighborhood U,
the gradient of this objective function must be 0 at z(¢). This
implies ATAz(¢) = A'y. By (69), we have [z > &.
Therefore & < ||z(é)|l; < &, which contradicts & < &. This
proves |[z(&)ll = ¢&.

Next we will prove that f(&) is strictly decreasing for
0 < & < &. If for &,6 € [0,&] we have & < &
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and f(&) < f(&). then |AzE) -yl < AZ(&) ~ vl
which implies that z(£;) is a solution to the optimization
problem (67) with & = &. Note that z(£;) is in the interior
of the admissible set of the this optimization problem, and
therefore the gradient argument in the preceding paragraph
applies, giving us ATAz(&)) = Ay, which results in the same
contradiction. This proves that f(&;) > f(&2).

For (iii), we only need to prove that f(£)) < f(&)+ VI(&—
&) for &1 < & < &. We define 2 = (§1/£2)z(&>). Then by (ii)
we have ||z’ -2,l; = (1-&/&)12(&)l = £2-&1. Also, ||z']| = &
and z’ is therefore in the admissible set of (67) with & = &;.
Consequently

f€) < NIAZ" —yl2 < AZ(&2) — 2 + |Az(&2) — AZ'|»

= f(&) + |A@z(&) — )2 (70)
Note that ||A(z(&) —2)ll2 < [Alli-2llz(62) =2 [l < [|All1—2(62 -
£1), where

lAll1=2 := max [|Az]].
llzll <1

Because all entries of A are +1, we therefore have [|A[|1_, <
VT. Hence [|A(z(&) -2)|, < VI(& —&1). This combined with
(70) then results in the desired inequality. ]

We then show that the above properties of f(£) allow us to
solve (23) by finding the right £&. We consider the following
cases for (23): In the first case, VIp < /yTy — yTAA*y =
f(&o). In this scenario, the admissible set is empty, but we do
not need to worry about this scenario because in our setup the
exact coeflicient vector is always in the admissible set. In the
second case, VI = f(&). The inequality constraint is then
equivalent to A"Az = ATy, an equality constraint. Therefore
(23) can be reduced to a linear program and solved in weak
polynomial time. Therefore, the only case we need to examine

closely is the third case, where Vg E
Lemma 3: We assume \ﬁ"rn > /y'y =y AA+y. If there

exists x such that ||Ax—y]||, < ‘/1:77, and |ly|l, > \/1_"77, then there
exists a unique &* € [0, min{|[x||;, £o}] such that f(£*) = \In,
and z(£*) is a solution of (23).

Algorithm 1 Solving the ¢!-Minimization Problem (23)

Input: A € C"™*Py € C',M € N,,n > 0, error tolerance
v>0.
&L <0, & — M;
while & — &1 > 2v do
Solve the convex quadratic program (68) with & = (£, +
&r)/2 to obtain the minimum f(f)2 /2;
if 7(¢)> VI then
&L — (L +ER)/2;
else
Er — €L+ ER)/2;
end if
end while

&=L+ &R/ )
Solve the convex quadratic program (68) with & = £ to
obtain the solution X*:

Output: .
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Proof- Because f(|x]l) < |Ax—yll, < VT7, and £(0) = |yl
we have

max{ f(IxIl,), f(&)} < V7 < £(0),

where we have used Lemma 2 (i) which states that
f(&) = +/y'y — y'AA+y. Because f is continuous and strictly
decreasing in [0, &], we therefore have a unique & such that

f(‘f*) = ‘/f’% and
0 < ¢ < min{[xl;, &}-

O

We then show that solving the optimization problem
(67) with the & in Lemma 3 yields the solution to the
¢'-minimization problem (23).

Lemma 4: With the same assumptions as Lemma 3, z(£¥)
solves the ¢'-minimization problem (23).

Proof: First note that because f(&*) = VI, z(£*) is in the
admissible set of (23). If there exists z’ in the admissible set
of (23) such that

2’1l < 11zl = &7,

where we have used 0 < ¢ < & and Lemma 2 (ii) to show

llz(¢°)|| = &, then
FUZ1) < I1AZ -yl < VT = f(£"),

implying ||Z’||, > ¢ by Lemma 2 (i), which
contradicts (71). m]

Therefore solving the £'-minimization problem (23) reduces
to finding &%, which can be done through a bisection procedure
as described in Algorithm V-F2. Each bisection step involves
solving (67) for a certain &, which is equivalent to the convex
quadratic program (68). In the bisection process, we start from
an interval [0, M], in each iteration compute f(£) where & is
the mid-point of the interval, thereby deciding whether &* is
in the right half of the interval or the left half. This
allows us to get a new interval with half the size but still
contains &*, thereby proceeding to the next iteration. When
the interval size is 2v we can take the mid-point & as the
estimate for £*, which ensures

& - &<

The total number of iterations needed is at most [log,(M/v)].

However, our ultimate goal is to recover the original coef-
ficient vector X, and we need to know how small v needs
to be in order for the approximate solution X* (obtained by
solving (68) with ¢ = &%) to be close to x. Next we will
provide an answer to this question.

Note that solving (68) with & = & is equivalent to solving
the ¢'-minimization problem (23) but with 7 replaced with
some 7. This 77 can be identified by f(&*) = VI7. Therefore
by the Lipschitz continuity of f (Lemma 2 (iii)) we have

| VI = VOl = |f(€) - fE)] < VTIE - £,

(71)

which leads to

M-n<iE-&1<v

From the above we can see that in the end we obtain an
approximate solution % that corresponds to the exact solution
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of (23) but with 1 replaced with some 7 satisfying 77 < n + v.
We can therefore use Theorem 5 to obtain the following
guarantee about the closeness to X:

Theorem 10 (Compressed sensing with approximate solu-
tion): Let D = Y1, ("). Let A € C™” be a matrix whose
rows are independently randomly sampled from the rows of
H® with replacement. Let cs € (0,1) and let M > 0 be an
integer. If

T > CM max{In2(M) In(M In(D)) In(D), In(1/5¢s)},  (72)

then, with probability at least 1 —dcs, the following statement
holds for every M-spase x € CP whose entries are bounded
by 1 in absolute value. Let noisy samples y = Ax+e be given
with [le]l, <7 VT, and let % be the approximate solution of the
{'-minimization problem (23) produced by Algorithm V-F2
with the error tolerance on &* chosen to be v > 0. Then

Hx oy (73)

<CMP P +y), 1<p<2
p

Both constants C,C; are universal. The approximate
solution %* is obtained through Algorithm V-F.2 which runs
in time poly(n, I',log(1/v)).

VI. LOWER BOUNDS

In this section we provide a lower bound for the Hamil-
tonian learning task we consider. Specifically we consider
the dependence on the accuracy € and the number of Pauli
terms M. The adaptive experiments are modeled as in [69],
where all experiments form a tree such that the outcome of
the experiment at a vertex determines which child leaf to move
to, thus determining the next experiment to perform. Our main
tool for the total evolution time lower bound is Assouad’s
lemma [70], which provides a lower bound on the achievable
¢'-error given two prerequisites: (1) an estimate of how hard
it is to distinguish two output probability distributions if
they come from two Hamiltonians that differ slightly, and
(2) a lower bound on the penalty in ¢'-error if such a pair
of Hamiltonians are not correctly distinguished. The second
prerequisite is easy to fulfill, as discussed in the proof of
Theorem 11. For the first prerequisite, we will follow [5]
to capture the difficulty of correctly distinguishing the output
probability distributions by induction on the tree of adaptive
experiments. In the following, we first characterize the model
of quantum learning experiments following [69]. Details of the
proofs are in Appendix C.

A. Model of Quantum Experiments

We consider the scenario of learning the unknown Hamilto-
nian H from dynamics. Consider the time evolution operator
of H parameterized by time f:

U@t) = e, (74)

A learning agent can have access to U(f) by quantum experi-
ments without knowing H. The learning algorithm includes the
scenario where each quantum experiment is chosen adaptively
based on past measurement outcomes. Following [69], we first
define a single experiment:
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Definition 5 (An ideal experiment): Given a n-qubit uni-
tary U(t) = e " parameterized by time ¢, with H being
the unknown Hamiltonian. A single ideal experiment E© is
specified by:

1. an arbitrary n’-qubit initial state o) € €2 with an

integer n’ > n,
2. an arbitrary POVM F = {M;}; on an n’-qubit system,
3. an n’-qubit unitary of the following form,

Uexp =Ux 1 (Utg) @D Uk ... U (U (1)) ® 1) Uy,

(75)

for some arbitrary integer K, arbitrary evolution

times f,...,tx € R, and arbitrary n’-qubit unitaries

Uy,...,Uk, Uk . Here I is the identity unitary on n’ —n

qubits subsystem.

A single run of E© returns an outcome from performing

the POVM F = {M;}; on the state U |iyy). The evolution time
of the experiment is defined as

K

t(E(O)) = Z tx.

k=1

(76)

Next, we will take noise into account. A small SPAM error
is unavoidable in any quantum experiment, and being robust
against it is an important consideration in useful algorithms
for characterizing and benchmarking quantum systems [28],
[69], [76], [80], [81], [82], [83]. We model the SPAM error
by a global depolarizing channel

tr(p)
D:pe D)= (1~ yp+ Lot
which is applied to the system right before the POVM F. This
is equivalent to changing the POVM to

FO = {(1 = y)M; +yte (M) (1/2")}

I, (77)

(78)

1
The noise strength is measured by the constant 7y, which can
take any value in (0, 1).

In proving the lower bound, we are allowed to only consider
SPAM error in the form of the global depolarizing noise
applied in the way described above, because any algorithm
that is robust to SPAM error in general must be robust to this
type of SPAM error in particular. We will then define a single
experiment with measurement noise as follows:

Definition 6 (An experiment with measurement noise): A
single experiment E with measurement noise y € (0,1) is
identical to a single ideal experiment E° except for the POVM,
which is F® given in (78) instead of F = {M;};.

Note that a lower bound for learning with measurement
noise naturally also holds for learning with both state-
preparation and measurement errors, since the latter is a
more difficult task. Therefore for simplicity we only consider
measurement noise in this section.

With the definition of a single experiment with measurement
noise, we can now formally define a learning algorithm with
total evolution time 7 as follows, where we again adopt the
definition in [5].

Definition 7 (Learning algorithm with bounded total evolu-
tion time): Consider T > 0,0.5 >y > 0. A learning algorithm
with total evolution time 7 and measurement noise y can
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obtain measurement outcomes from an arbitrary number of
experiments EM,E?), ... as long as

Se(E") <7

i

(79)

The parameters specifying each experiment El(.” can depend
on the measurement outcomes from previous experiments
Ei'}’) E()’)l

. B

B. Lower Bound of the Total Evolution Time in Hamiltonian
Learning

With the definition of the learning algorithm and the possi-
ble sets of experiments, we now present a fundamental lower
bound on the total evolution time for any learning algorithm
that tries to learn an unknown n-qubit Hamiltonian consisting
of M Pauli terms from real-time evolution. The theorem is
stated as follows:

Theorem 11: Given integers n and M, real numbers €, €
(0,1), and a set {Py,P,...,Py} € P, \ {I} representing
the M n-qubit Pauli terms in the Hamiltonian, we consider
any learning algorithm with a total evolution time 7 and
a constant measurement noise y € (0,0.5) as defined in
Definition 7. Suppose that such a learning algorithm satisfies
that for an n-qubit Hamiltonian H = 224:1 UaP, with any
unknown parameters |u,| < 1, after multiple rounds of noisy
experiments, the algorithm can estimate any g = (4, ..., HUy)
to €,-error in the {”-norm for p € [1,2] in expectation value
averaged over experimental outcomes. Then,

Ml
T> ————.
2epelog(1/y)

Notice that the lower bound in Theorem 11 is for learning
n-qubit Hamiltonians with fixed M terms. It naturally implies
a lower bound for learning n-qubit M-term Hamiltonians with-
out prior knowledge of which M terms are in the Hamiltonian.
Moreover, by restricting the terms in the Hamiltonian to be
k-body, this lower bound also holds for the k-body, M-term,
n-qubit Hamiltonian learning problem we discussed in the
previous sections.

Remark 4: As two special cases of Theorem 11 that are
related to the operational interpretations that would be further
discussed in Section VII, the lower bounds for considering the
£'- and (*-norm of the error are

(80)

s M g0, _ VM :

~ 2eelog(l/y)’ " 2gelog(1/y)

We begin by considering how well a single noisy experiment
can distinguish two Hamiltonians.

Lemma 5 (TV for one experiment, Lemma 30 [5]): Consider

a noisy experiment as defined in Definition 6. Let p(i) and p’ (i)

be the probability of obtaining the measurement outcome i by

performing the POVM F@ when the unknown Hamiltonian

is H and H’ respectively. Then

TV (p,p’) < (1 —y)min (|H - H'|| - t (EV) , 1),

81)

(82)

where 1 (EY) = S &, Il is the total evolution time in this
single experiment E?). Here TV denotes the total variation
distance between probability distributions.
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Proof: We define

W) =Ugp1 (Utx)® D Uk ... Uy (U (1) ® D Uy o),
[0') = Uk (U tx) @ 1) Uk ... U (U’ (1)) ® I) Uy o)
(83)

By the triangle inequality and telescoping sum, we have the
following upper bound on the trace distance,

K
Xl = 1" 5w Il < D10 @) = U@l

k=1

K
<2H - H'|l- ) lud
k=1

=2|H-H'||-t(EY), (84)

where we have used Lemma 9 in the second inequality.
Because the ideal POVM measurement F = {M,}, is a quantum
channel, we have

1
5 2wl Mty —

M;

vl

1
<S M = 1l
<min (|H - H'|| -t (E?),1). (85)

Now we take measurement noise into account. Since the noisy
POVM F = {M;} where

M = (1 = y)M; + yte (M) (1/2V)

the total variation distance between the measurement outcome
distribution is

1 _ N
TV (p.p') = 5 D K1 M) = (/| 31,

v
! :
= 5= 2 IWAM: Iy = (/| M)

<(1-yymin(|H - H'||-t(EY),1).  (86)

O

In order to include possible adaptivity in the choice of
experiments, we consider the rooted tree representation 7~
described in [84] and [85], which was also used in [5]. Each
node in the tree corresponds to the sequence of measurement
outcomes the algorithm has seen so far. We can also think of
the node as the memory state of the algorithm. At each node
v, the algorithm runs a single experiment EY as defined in
Definition 6 with the measurement noise specified by y and
evolution time specified by 7).

For each experiment EY, it produces a measurement out-
come i € 1,2,...,L,. The outcome will determine which
child node to move the algorithm to from node v. When
the algorithm arrives at a leaf £, the algorithm stops, with
¢ denoting the outcome of the experiments. Note that because
of the tree structure, a leaf node ¢ uniquely determines the
path leading from the root to it. By considering the rooted
tree representation and allowing the algorithm to depend on
each node in the tree adaptively, we cover all possible learning
algorithms that can adaptively choose the experiment that it
runs based on previous measurement outcomes.
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For each node v on tree 7, we denote p(7(£) and p’T)(¢)
as the probabilities of arriving at the leaf node ¢ in the
experiments when the unknown Hamiltonians are H and H’
respectively, and the algorithm begins from the root of 7. We
denote the resulting distribution over leaf nodes by p‘7) and
p’7) respectively. The total evolution time T can be written

as:
T = Z T,,

vep(r,l)

87)

where p(r, £) is the path from the root r to a leaf £ of 7. We
will provide an upper bound of the TV distance between the
probability distributions p(7) and p"7) with a given T.
Lemma 6 (TV for multiple experiments): Consider a rooted
tree representation 7 for a learning algorithm with total
evolution time 7 and measurement noise y € (0,0.5). We have

TV (p(T),p'(T)) <1- ),IIH*H'H‘T’ (88)

which is an upper bound for the total variation of the outcomes
under multiple experiments.

Proof: The proof is almost identical to the one for
[5, Lemma 31], which is by induction on the tree 7. The only
change is to use Lemma 5 to upper bound the TV distance
that can be generated in a single noisy experiment. O

The above theorem tells us how much the output proba-
bility distribution can be changed when the Hamiltonian is
perturbed. It therefore quantifies how well we can distinguish
a pair of Hamiltonians given limited total evolution time.
With this tool we are ready to prove the lower bound result
in Theorem 11.

The main tool we are going to use next is Assouad’s
lemma [70]. We consider a set of probability distributions P
each of which correspond to a parameter 8(P) € ©, where the
space ® can be equipped with certain pseudo-distances. We
restate the lemma here:

Lemma 7: (Assouad’s Lemma [70, Lemma 2]) Let M > 1
be an integer and let Fy = {P;: 7€ {-1,1}¥} contain 2¥
probability measures. Write 7 ~ 7’ if 7 and 7’ differ in only
one coordinate, and write T ~; 7 when that coordinate is the
Jjth. Suppose that there are M pseudo-distances on © such that
for any x,y € ®

M
d(x,y) =) dj(x)

(89)
j=1
and further that, if 7 ~; 7/,
d;(0(P;),0(Pr)) = ay. (90)
Then
maxp,cr, E.d (8,0(P.))
ZM-”TMmin{||PT/\PT/||:T~T’}, ©n

where || - A || =1 —=TV(,-) is the affinity of two probability
distributions.
We will the apply this lemma to prove Theorem 11.
Proof of Theorem 11: In the Hamiltonian learning scenario,
each 7 represents a coefficient vector u = (uy, ..., uy), where
Ui = ht; € {=h,h} and h € (0, 1). P; is the probability distribu-
tion p” over leaf nodes of 7~ corresponding to adaptive noisy

Authorized licensed use limited to: CALIFORNIA INSTITUTE OF TECHNOLOGY. Downloaded on September 26,2026 at 16:36:56 UTC from IEEE Xplore. Restrictions apply.



7570

experiments with the Hamiltonian represented by coefficient
vector 7. The parameter 6(P;) = u. The distance on ® is
set to be the £'-norm distance between the corresponding
coefficient vectors. For adaptive experiments with Hamiltonian
coefficients u and g’, with output distributions P, = p7 and
P, =p'7T, for p € [1,2] we define

M

luj — |
(p) ) ’ _Z J j
dp(g(P‘r)»g(P‘r))_dp(ﬂ’ﬂ)_ — Ml—l/p
j=
lle = 'l ;
= <l =wl 92)

where the inequality follows from Holder’s inequality. Using
the notation ~; introduced in Lemma 7, if 7 ~; 7/, we have
oV = dP(u, ) = d;‘”)(ﬂ,,u’) =2h/M"'"VP where u = ht and
' = ht'. For the affinity ||P. A P.||, by Lemma 6 we have

|P: A Pl = 1 = TV(P;, P,) > yMHHIT = 20T

With the above parameters, can directly apply Assouad’s
Lemma (Lemma 7) to obtain

— I > d([’) , 7)) > Ml/[)h 2]1T’ 93
I;PE%I@IIM ﬂllp_Prg%I?( (1, 1) = Y (93)

where /i is the estimate produced by any sequence of adaptive
noisy experiments with total evolution time 7. Note that this
bound holds for any %z € (0, 1), and we can therefore choose
h =1/(Q2T log(1/y)), and we will have

1/p
2Telog(1/y)

Therefore if we want to obtain coefficient estimates for Hamil-
tonians of the form H = Zale UaP, that is accurate up to
error € in ¢'-distance, we need T as given in (80). ]

Remark 5: The ratio between the upper bound given by our
algorithm and the lower bound shown above is @(M'/?) for
all p € [1,2].

—all, > 94
Pf}é%}gllﬂ all, > O]

VII. OPERATIONAL INTERPRETATION OF ERROR METRICS

In the previous sections we have discussed the method to
learn the coefficients of a Hamiltonian H and the correspond-
ing total evolution time lower bound. The ultimate goal of
Hamiltonian learning is to use the learned Hamiltonian to
predict the properties of the quantum system. In this section
we will consider this task, and thereby provide an operational
interpretation of the error metrics.

We consider the task of predicting observation expectation
values at a given time z. Suppose that the exact Hamiltonian
is H =) pupP and the learned Hamiltonian is H' = ), u,P.
Here, because we fix the global phase by enforcing u; = 0,
these two Hamiltonians are both traceless. Starting from a
known quantum state py, the exact state p(f) and the state
P’ (t) we predict will be

iH't
po€

p(t) = e Mpge™, (1) = e Mippe™(95)

If we focus on a specific observation O, then the expec-
tation values are Tr[Op(?))] and Tr[Op’(r)]. We will then
discuss what the ¢'- and ¢>-error bounds imply for the error
[Tr[Op’ (1)] — Tr[Op(1)]|, which reflects how well we can make
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predictions based on the learned Hamiltonian. Such consid-
erations of the observable, or alternatively the initial state,
have featured prominently in works on quantum simulation
and related error analysis [73], [86], [87], [88], [89], [90],
[91], [92].

Here we will first state our conclusions: the ¢'-error bound
provides a guarantee that we can accurately predict any observ-
able O whose spectral norm ||O]| is not too large, for any initial
state (see (103)); the ¢2-error bound guarantees that we can
accurately predict any observable O whose Frobenius norm
[|O|l> is not too large (these are typically low-rank operators)
for an initial state drawn from a Haar distribution or a 2-design
(see (111)).

A. Operational Interpretation of the £'-Norm

We first consider the £'-norm distance between the coeffi-
cient vectors
e = 'l =Y lup = il (96)
P
By Schrodinger’s equation, we have the ordinary differential
equation for p’:

d
d—tp'(t) =—ilH',p'(0] = —ilH,p’ )] = i[H - H,p"(D]. (97)

By Duhamel’s principle, we have

t
pﬁﬁmm4/dwﬂmww—&ﬂ®wW”. (98)
0

Therefore, the trace distance between p(f) and p’(¢f) can be
bounded as:

llo" () = p)ll < 2t|H” — Hl|co. 99)

Here || - ||, denotes the Schatten p-norm. Specifically, p = 1
corresponds to the trace norm, and p = oo corresponds to the
spectral norm. The spectral norm of the difference between H
and H’ can be bounded by

IH = H'llo < Il = Il (100)

Thus,

llo(®) — '@l < 24l — 'l (101)

The trace norm distance between p(f) and p(f)’ is upper
bounded by the £!-norm distance between the two coefficient
vectors, scaling linearly with evolution time.

Consider the expectation value of measuring p(#) and p’(f)
with observable O,

KO)pir) = (O)p | = ITELO(p(®) — p" ()]
< 0llsllo(®) = p" D1
The second inequality comes from the Holder’s inequality

for Schatten norms. Using the bound in (101), the difference
between the expectation values can be bounded by

K)oy = (O] < 21[|Ollecllpt = 111

Note that the above is true for all py and O, and therefore
the £'-error bound provides us with a worst case guarantee on
how well we can predict expectation values of observables.

(102)

(103)
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B. Operational Interpretation of the €>-Norm

We now consider the ¢>-norm distance between the coeffi-
cient vectors

lle = 1l = (104)

Z (:ua - #21)2'

a

Parseval’s identity provides that the £>-norm of the distance
between the coefficient vectors equals the Frobenious norm of
IH - H'll, =
2I‘l

H-H"
NI /Z(ﬂi — M))%

Following [93], we consider the time evolution channel of H
and H’

L (105)

Z/{t(p) — e—thpeiHl, Z/[;(,D) — e—iH’tpeiH'f (106)
and the normalized Choi states of U; and U, as
CU) = U D(Q) CWU) = U @ DY), (107)

where Q = |Q)Q| is the maximally entangled state, and
T 1is the identity channel. We introduce the distance metric
DU, U) = SlICU) - CUl.

Lemma 8: The following inequality holds

’ t 4
D (U, Uy) < WIIH—H ll2-

Proof: First note that
eMenIQ)y=U®e ™) Q).
Then we have
[(H-H)®I (e NQe™ o)
=[(H-H)eLUee QI
= MYH-H)RLQI®M™,
—iHt

where we have used the fact that / ® e commute with

(H — H") ® I. Therefore

I(H - H)® I, (™ & NQE™ ® DI
=I[(H-H)® QI

2 !
= 3 IH = H'II.
Then because

U (Q) = U(L)
=" DQE" ® ) - (7 @ QM @ )

t
=—i / e (H - H)® L, (e @ DQ(e™ ® D)]e™ ds,
0
we have

D (U, U))
P / r I(H - H) ® I, (e7* @ DQ(e™ @ D]|lds
S—= - 5 2

V2 Jo

1
v

|H — H'|l> 1.

(]
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If the initial state is a pure state randomly sampled from
the Haar distribution, pg = |o){¥o|, following [94], we have:

Byt | IV0X0lU] = UloXol U]

n+1
— D /2' 1
21 P Uy) (108)
Thus,
VBistta, [0 — ' OIE]
2

< HH = H'|l, < V2llu — p'l>. 10
<zl < V2l =l (109)

As in (102), we consider the difference between the expec-
tation values of observable O when measuring p(#) and p’(?),
with the same pure initial state py = [fo){¢¥o|l. By using
Holder’s inequality for Schatten norms, we have

KOy = (O)p o] = ITE[O(p(1) — p’ )]
<0G = p' @Il < 110lLllp(?) = p" (D)2

Taking the expectation value among the Haar random dis-
tributed initial state |y), we can obtain

Eiyo)~Haar, [|TH[Op(1)] = Tr[Op' (0] ]
<NOIE yg)~ttaar, [l0@®) — 0’ ®OI3] < 22110131l — /13 (111)

The operators O for which ||O||, is small include those that are
low-rank or approximately low-rank. In the above, we have
only used the second moment of pg = |o){(¢ol|, and therefore
we only need i) to be drawn from a 2-design rather than the
exact Haar distribution. From the above discussion we have
seen that an {*>-error bound guarantees the average accuracy
of predicting the expectation value of a low-rank observable
for initial states drawn from a 2-design.

(110)

VIII. DISCUSSION

In this work we developed a protocol that efficiently learns
a k-body Hamiltonian consisting of M Pauli terms with nearly
Heisenberg-limited scaling. Compared to previous works such
as [5], [40], and [45], our main contribution is that the new
algorithm does not rely on any kind of geometric locality:
the Pauli terms can involve qubits anywhere in the system,
and we do not require the combined interaction strength on a
qubit to be bounded, which is needed in [45]. Moreover, our
protocol only requires single-qubit interleaving operations as
opposed to the multi-qubit adaptive operations used in [40]
and [45], and is robust to a constant amount of SPAM error.
These features are all essential to practical implementation on
current hardware.

Our results naturally lead to several open problems to be
considered in future works. It can be readily seen that between
the total evolution time lower bound for learning with the
¢P-metric in Theorem 11 and the upper bound in Theorem 9,
there is a gap of order VM, ignoring logarithmic factors, for
all p € [1,2]. In fact, the lower bound is tight for the £ I_metric,
up to logarithmic factors, for Hamiltonians with geometrically
local Pauli terms, as the learning protocol in [5] provides a
matching upper bound in this scenario. However, it remains
unclear whether, in the general non-geometrically local setting,
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the current gap comes from looseness in the upper bound,
the lower bound, or both. On the one hand, the lower bound
does not take into account that the support of the M terms
is unknown, nor possible structural relations among the terms
such as commutativity, and therefore may not fully capture
the difficulty of the problem. On the other hand, the gap may
not simply be an artifact of compressed-sensing bounds: for
example, if the M unknown terms are all commuting Z-strings,
then recovery can be carried out by direct inversion of the
Hadamard transform rather than by compressed sensing, yet
the error analysis still indicates that estimating the coefficients
to € precision in £>-norm requires total evolution time of
order M /e, matching our upper bound. The gap between the
current upper bound and lower bound then points to two
interesting directions: can we further strengthen our algorithm
to achieve better dependence on M, or can we strengthen the
lower bound by accounting for the non-geometrically local
nature of the Hamiltonian? If the latter can be achieved, we
will be able to show rigorously that the lack of geometric
locality fundamentally changes the difficulty of the task.

In this work we focused on qubit Hamiltonians, and it
is natural to consider how the present approach extends to
bosonic and fermionic Hamiltonians. The bosonic Hamil-
tonians, because of the infinite local degrees of freedom,
may require us to change our experimental design and post-
processing, and so do the fermionic Hamiltonians because of
the more complicated commutation relations between terms.

Our learning protocol requires the preparation of GHZ
states to achieve the desired M and n scaling. While such
states can in principle be prepared in constant depth using
measurements and feedback, maintaining high-fidelity large
GHZ states remains experimentally challenging in practice.
If restricted to only using product states as done in [5], can
we still achieve the current scaling, or can one derive a lower
bound that rules it out? These are all questions that should be
explored in future works.

APPENDIX A
THE HAMILTONIAN RESHAPING ERROR BOUND

In this section we prove Theorem 4, which we restate here:
Theorem 12: Let 8 be a length-n string of x,y, z, and let Kg
be as defined in (16). Let U be the random unitary defined
in (17). Let V = e”ei? for H,g given in (21), and ¢ = rr. We

define the quantum channels ¢/ and V be
Up) = E[UpU"], V(p) = VpV'.

Then
AM>1?

A =Vl <
Proof: Recall from (17) that
U= 0,0, 0170,

We define U; = Q;e™*Q;, Uj(p) = Eg,U;pU]. where U; is
the quantum channel.
Because each Q; is chosen independently, we have

U=Ul_---U.
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We then define V,(p) = e Hermpeifen™  which then gives us
VY = V.. We will then focus on obtaining a bound for ||I/; —
V¢ll,. Consider a quantum state p on the current system and
an auxiliary system denoted by a, and an observable O on the
combined quantum system such that ||O|| < 1.

We have the equation shown at the bottom of the next page,
where we are using Taylor’s theorem with the remainder in
the Lagrange form. This tells us that see the equation shown
at the bottom of the next page. Because the two terms on
the left-hand side, when we take the expectation value with
respect to Q;, become the equations shown at the bottom of
the next page, we have the equation shown at the bottom of
the next page.

Because this is true for all O such that ||O]| < 1,

I(Zo ® U;)(p) — (o — itlly ® Her, pDlli < 20H|PT>. (112)
Similarly we can also show that
I(Zo ® Ve)(p) = (p — itllo ® Hegr, pDlli < 2lIHegl*7*.  (113)

Combining (112) and (113), and by the triangle inequality, we
have

I(Zo @ U(P) = (Zo ® Vo) )lli < 20H|P7* + 2| Hegtl 72

Because the above is true for all auxiliary system « and for
all quantum states on the combined quantum system, we have

4 = Vello < 201HIPT* + 2l Hegl* 7. (114)

Next, we observe that

U=V =Y U U U = VoV

k=1

Therefore

4= Vil < Nthe = Vello < rQUHIPT + 2| Hegl 7).
k=1

The bound in the Theorem follows by observing that
IHI|, | Hegll < M, and 7 = t/r. o

APPENDIX B
TECHNICAL LEMMAS FOR COMPRESSED SENSING

We start by introducing the orthogonal systems and the
bounded orthogonal systems (BOS). Then we will move on
to show that the weight-k Hadamard matrix introduced in
Definition 1 is a BOS. After that, we will introduce the
restricted isometry property, which is essential for the success-
ful reconstruction of sparse vectors with compressed sensing.
With that, we will show that the weight-k Hadamard matrix has
the desired restricted isometry property, which in turn leads to
the error bound for reconstructing the sparse vector.

Definition 8  (Orthonormal Systems): Let D < RN
be endowed with a probability measure v. We call ® =

{¢1,...,¢n} an orthonormal system of complex-valued func-
tions on D if, for j, k € [N],
N 0 if j#k,
/ /OFODO) = 61= 1 7 (115)
D 1 if j=k,
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Upon orthonormal systems, we can define bounded
orthonormal systems.
Definition  9: (Bounded  Orthonormal  Systems,

[9, Theorem 12.32]) We call ® = {¢,...,¢n} a bounded
orthonormal system (BOS) with constant K if it satisfies
Equation (115) and if

Il == sup |¢;(H)] <K for all j € [N]. (116)
te

The smallest value that the constant K can take is 1 since
2 2
1= / ()] dv(t) < sup |¢;(D)] / dv(ty < K*.  (117)
D teD D

When the equality K = 1 is reached, it is necessary to have
|¢;(®)] =1 for v.

Consider the weight-k Hadamard matrix defined in
Definition 1 with normalization factor 42 Denote the
columns of this normalized weight-k Hadamard matrix as
€1,C2,...,cp. Since they are columns of the original Hadamard
matrix, they are mutually orthogonal. Moreover, the BOS that
consists of all columns of the original Hadamard matrix has
the bounding constant K = 1. Then the bounding constant
for its subsystem is at most K = 1. Since K > 1, we have
the bounding constant K for the BOS of columns of weight-k
Hadamard matrix is one.

We can consider functions in a BOS, of the form

N
f® =) xg(®), teD.

k=1

(118)

Let ty,...,tr € D be some sampling points and suppose we
have given the sample values

N
ye=ft) =) xc(ty), Celll. (119)

k=1
We can introduce the sampling matrix A € C"*V with entries
A = ¢r(ty), Ce[l'],ke[N] (120)

T
the vector y = [yl, e, yr] of sample values (measurements)
can be written in the form

y = Ax (121)
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,xy]" is the vector of coefficients in

where x = [x,...
Equation (118).

Sometimes, we are interested in discrete systems, where
instead of having D C RY, we have D = F;. In this case, we
can consider the T’ rows of the sampling matrix A € C'™*?'
to be sampled from the 2" rows of the transform matrix
describing this system T € C*'*?" at random.

For a discrete BOS described by a transfer matrix T €
CN*N_ we consider a random sampling matrix A € C'*V,
where A is a sub-matrix of T with its rows sampled from
all rows of T uniformly at random. As in Equation (121),
we define the vector y = [yl,...,yr]T as the sampling result,

where
N
ye=Y Teixi+en LT, (122)
k=1
and X = [x1,...,xy]" is the vector of coefficients to be

reconstructed. Here, a term e is added to represent noisy
sampling. To write it in a more compact form

y=Ax+e. (123)

To reconstruct x with random sampling results in the
presence of noise e, robust sparse recovery methods can be
used, which is introduced in Theorem 5. These methods
require the sampling matrix A to have the restricted isometry
property (RIP).

Definition 10: (The Mth restricted isometry constant,
[9, Definition 6.1]) The Mth restricted isometry constant
Su = 6u(A) of a matrix A € C'XV is the smallest 6 > 0
such that

(1= OlIxI3 < IAX]3 < (1 + O)lIxI3 (124)

for all M-sparse vector x € CV. Equivalently, it is given by

oy = max
MC[N],cardM)<M

AuAv-1a],, (29
where Ay is the sub-matrix of A with only those columns
with indices in set M.

With the restricted isometry constant, we can then define
the restricted isometry property.

Tr{ O, ® Ujp(l, @ U] = O ® (Qj¢Q)p(ly ® (0,677 0)))]

2

=Tt[Op] - itTr[O[1, ® (Q;HQ)), p]] - %Tr[oaa ® 0\, ® H,[1, ® H,e (I, ® 0))p(I, ® Q)™ 111, ® 0))],

\Tr[oua ® Ujp(l, ® UN] - (Tr{0p] — irTr[Ol1, ® (Q;HQ)), p1))| < 2lIHI*7>

B, TrO( ® Upp(la ® UDI = THOZ, @ Up)(P)],
Eg,[TH{Op] = i*Tr(Oll, ® (Q;HQ)), p1l] = Tr[Op] = it TH{Oly ® Herr, p1],

| Tr[OU, ® Uj)(p)] = (Tt[Op] = it Tr[Oll, ® Herr, p1)| < 2/IHIP7*.
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Definition 11 (Restricted isometry property): A matrix A is
said to satisfy the restricted isometry property is dy = Sy(A)
is small for reasonably large M.

To achieve sparse reconstruction from noisy samples, one
way is to utilize the basic pursuit, i.e. doing £'-minimization.
To be more specific, with sparse vector X, sampling
matrix A, sampling noise e, and noisy sample y = Ax + e.
With |||, < 7, the basis pursuit reconstruct x from y and A
by solving a £'-minimization problem

miniCmNizeIIZHl subject to ||Az -yl < 7. (126)
Z€!

Notice that £'-minimization problem is a convex optimiza-
tion problem, so the solution x* to this problem is unique and is
guaranteed to be found. As shown in [9, Theorem 6.11], if x is
a M-sparse vector, and A has the restricted isometry property
with the 2M-th restricted isometry constant dpy < %ﬁ
then the unique solution x* to the £'-minimization problem in
Eq (126) is a good approximation of x

s

I~ x*ll, < M7y 1< p<2 (127)

where C is a constant only depends on d,y,. The proof of this is
based on the interpretation of the restricted isometry constant
in Eq (125). Aj;Am is close to identity, and minimizing ||z||
will guarantee finding location of the support of x.

With basis pursuit, as long as the sampling matrix A
associated with a BOS has sufficiently good restricted isometry
property, robust sparse reconstruction with high accuracy can
be guaranteed. In the following, we will use in [9, Theorem
12.32] to show that the sampling matrix associated with the
BOS with columns of the normalized weight-k Hadamard
matrix can have a sufficiently small restricted isometry con-
stant with high probability, as long as the number of samples
I satisfies Eq (25) in Theorem 5. This, in turn, leads to the
proof of the reconstruction error bound in Theorem 5.

Proof: (Proof of Theorem 5) Consider the weight-k
Hadamard matrix H®, which is associated with a BOS system
with constant K = 1. The sampling matrix A € C'*? is
a matrix whose rows are independently randomly sampled
from the rows of H®, where T is the number of samples
and D is the number all possible n-qubit, k-body Pauli-Z
strings. When £k = 1 and I satisfies the conditions in
Eq (25), [9, Theorem 12.32] shows that the sampling
matrix A has the restricted isometry property with the
restricted isometry constant 6y < 1 + 77% + 12, where
n1,172 € (0,1) are constants that can be chosen to be small.
With the restricted isometry property of A, [9, Theorem 6.11]
shows that the error for robust reconstruction is bounded by
the sparsity M and sampling noise 1, which leads to the error
bound for x* in Theorem 5. O

APPENDIX C
TECHNICAL LEMMAS FOR THE LOWER BOUND

Lemma 9: Consider two quantum channels U(#) and V(¢)
defined through

U = o™, V(o) = & pe

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 72, NO. 10, OCTOBER 2026

Then
ld(t) = V(Oll. < 2||H; — Hal| - 2. (128)
Proof: We define
U@ =e™, Vity=e™". (129)
Consider
e e ) (e_lHlsdes_lHZ(I_S)) = —ie”" (H, — Hy) e™,  (130)
we have
td e—iHlse—in(t—s)
/0 —( P )ds
= it it guithi _ it (131)
0
Hence,

t
e HIl _ Tl — / e M (H, — Hy) e =945, (132)
0

Since the diamond norm between U(¢) and V() is bounded by

the operator norm between the time evolution operators e~1’,
e~M2! e have
(@) = VD)lls < 2lle™™" — ]
1
=2|-i / e (Hy — Hy) e " Vds
0
t
< 2/ |H — Hallds
0
=2||H, - Ha|lr. (133)
O
APPENDIX D

THE ROBUST FREQUENCY ESTIMATION PROTOCOL

In this section we introduce the robust frequency estimation
protocol in [43], which largely follows the idea of the robust
phase estimation protocol in [76]. We modify the protocol in
[43] because our goal is to obtain an accurate estimate with
large probability rather than having an optimal mean-squared
error scaling. The key tool is the following lemma that allows
us to incrementally refine the frequency estimate:

Lemma 10: Let 0 € [a,b]. Let Z(t) be a random variable
such that

1Z(1) — €% < 1/2. (134)

Then we can correctly distinguish between two overlapping
cases 6 € [a,(a 4+ 2b)/3] and 6 € [(2a + b)/3,b] with one
sample of Z(n/(b — a)).

Proof: These two situations can be distinguished by looking

at the value of
bd a+b
6 — .

f(0) = sin (b
)Im (e"'%zm/(b - a))) - f(H)‘ <1/2.

We know from (134) that
where ¢ in (134) is substituted by 7/(b —a) and a phase factor
is added.

Authorized licensed use limited to: CALIFORNIA INSTITUTE OF TECHNOLOGY. Downloaded on September 26,2026 at 16:36:56 UTC from IEEE Xplore. Restrictions apply.



MA et al.: LEARNING k-BODY HAMILTONIANS VIA COMPRESSED SENSING 7575
L mr =~ 3\ 3am
= = — —_— < —
T=mY si=50>" (2) < S = O((1/e)(log(1/g) + loglog(4/€)) (139)

=1 =1

It
Im (e_i% Z(r /(b - a))) <0,

then f(6) < 1/2, which implies 6 € [a, (a + 2b)/3]. If
Im (e*f% Z(n)(b — a))) >0,

then f(6) > —1/2, which implies 6 € [(2a + b)/3, b]. ]
Using this lemma we will prove Theorem 6, which we
restate below:
Theorem 13: Let 6 € [-A, A]. Let X(¢) and Y(¢) be indepen-
dent random variables satisfying

|X(1) — cos(0n)] < 1/ V2, with probability at least 2/3,
|Y(t) — sin(61)| < 1/\5, with probability at least 2/3. (135)

Then with independent non-adaptive samples

with probability at least 1 — ¢ using the union bound.
It therefore allows us to solve the discrimination task in
Lemma 10 with probability at least 1 — 6.

Whether each iteration proceeds correctly or not, the algo-
rithm terminates after

L= F10g3/2 (A/D)]

iterations. In the /th iteration we sample X(s;) and Y(s;) where
s; = (m/2A)(3/2)"!. We use m samples of X(s;) and Y(s;)
for computing the median in each iteration, and therefore the
failure probability is at most 6 = cje” ™. With probability
at most LJ using the union bound, one of the iteration fails.
In order to ensure the protocol succeeds with probability at
least 1 — g, it suffices to let 6 < g/L, and it therefore suffices
to choose

X(t1), X(t2),--- , X(tg) and Y(#1),Y(t2), -, Y(tx), t; = O, m = [c3log(L/q)] = O(og(1/q) + loglog(A/e)).
for
The total number of samples (for either X(¢) or Y(¢)) is
K = O(log(A/e)(log(1/g) + loglog(A/e))), (136) therefore as described in (136). All the ¢ in each sample
added together is (139), shown at the top of the page, thus
P giving us (137). ]
T= 12—1: tj = O((1/€e)(log(1/q) + loglog(4/e)), ACKNOWLEDGMENT

max ; = O(1/e), (137) .The author.s thank Anurag Anshu, Zofia Adam§ka,
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Proof: We let A = €/3. We build a random variable S ()
satisfying (134), with which we will iteratively narrow down
the interval [a, b] containing 6 until |b — a| < 24, at which
point we choose 6 = (a+ b)/2. If 8 € [a,b] we will then
ensure | — 6] < 1. However, each iteration will involve some
failure probability, which we will analyze later.

To build the random variable S (¢), we first use m indepen-
dent samples of X(f) and then take median Xyegian(f), Which
satisfies

Ximedian (1) = cos(0n)] < 1/ V2

with probability at least 1 — /2, where by (135) and the
Chernoff bound

— —Cym
o0 =cre ¥,

for some universal constant cy,c,. Similarly we can obtain
Ymedian(#) such that

¥ imedian(?) — cos(60)] < 1/ V2

with probability at least 1 — /2. With these medians we then
define

S(t) = Xmedian(t) + iYmedian(t)-
This random variable satisfies
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