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Learning to erase quantum states:
thermodynamic implications of quantum

learning theory
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The energy cost of erasing quantum states depends on our knowledge of the states. We show that
learning algorithms can acquire such knowledge to erase many copies of an unknown state at the
optimal energy cost. This is proved by showing that learning can be made fully reversible and has no
fundamental energy cost itself. With simple counting arguments, we relate the energy cost of erasing
quantum states to their complexity, entanglement, and magic. We further show that the constructed
erasure protocol is computationally efficient when learning is efficient. Conversely, under standard
cryptographic assumptions, we prove that the optimal energy cost cannot be achieved efficiently in
general. These results also enable efficient work extraction based on learning. Together, our results
establish a concrete connection between quantum learning theory and thermodynamics, highlighting
the physical significance of learning processes and enabling provably-efficient learning-based

protocols for thermodynamic tasks.

Do abstract learning processes have tangible physical consequences? For
example, does the (in)ability to learn impact the amount of physical
resources required to perform certain tasks?

Learning is the process of acquiring information, which can be used to
execute actions' ™. Landauer’s principle’™’ illustrates how the energy cost of
erasing a physical system depends on our knowledge of the system. In
particular, given a system S in a state p with degenerate Hamiltonian H = 0,
the amount of work required to transform it to a reference pure state |0) in
an environment at temperature T is W = H(S)kzT In 2, where kg is the
Boltzmann constant and H(S) is the entropy of the state. Entropy measures
our ignorance of the state, and additional knowledge of the system reduces
the optimal work cost to H(S|M)kyT In 2, where H(S|M) is the entropy of
the system conditioned on the memory M that records the knowledge''.
However, this statement does not take into account the potential cost of
acquiring the knowledge recorded in the memory.

To formalize this process of “learning to erase”, we consider the simple
scenario in which a source repeatedly produces an unknown n-qubit state
}V’x> from a class of m possible states C = {|1//x>}:l:1. At first, due to our
ignorance of the state, we have to pay work to erase it. As we collect more
copies of the state |y, ), we progressively learn enough information to
identify the state. Once we have learned the state, we can erase additional
copies without further work by reversing the state preparation unitary and
uncomputing them, UT |y, ) = |0) (By learning, we mean taking multiple
copies of } v, ) as input and outputting a circuit description of U,, the unitary

that prepares ]1//X>. The circuit implementing the state unpreparation uni-
tary U] can then be derived by reversing the order of the gates and taking
their Hermitian conjugation. The requirement of outputting the circuit
description of the target state is necessary for properly defining the com-
putational complexity of the learning algorithms, as we detail in Supple-
mentary Information B. This is very different from constructing U] from
quantum queries to U,, which is generally hard"”. We note that all the
learning algorithms considered in this work satisfy this definition).

In this paper, we rigorously study this process using tools recently
developed in quantum learning theory"*™*' and explore its thermodynamic
implications. We explain a general method that lifts any learning algorithm
to a reversible one, enabling it to acquire knowledge from multiple copies of
the unknown state and erase many additional copies at the optimal energy
cost, saturating Landauer’s limit (Fig. 1a). We further pinpoint the quan-
titative relation between the energy cost of erasing a class of quantum states
and their complexity, as measured by circuit depth, entanglement, or magic
(Fig. 1b).

After establishing the information-theoretical optimality of learning-
to-erase protocols, we study their computational efficiency—whether they
can be implemented in a number of elementary operations that scales
polynomially with the system size n and number of copies N. Computa-
tional efficiency is crucial in that if a protocol requires exponential time to
execute, it would take longer than the age of the universe to erase only a few
hundreds of qubits. We show that whenever the learning algorithm and
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Fig. 1 | Overview of main results. a Reversible learning algorithm £ can acquire
knowledge of the unknown n-qubit state and erase N copies of it at the optimal work
cost, saturating Landauer’s limit. Here, S stores the copies used by the learning
algorithm, R stores the rest, M is the memory of the learning algorithm, and M" is an
auxiliary memory. b The work cost of erasing physically relevant classes of states

complexity

grows with the complexity of the states, as measured by circuit depth d, magic ¢,
entanglement entropy S, and degree k. When the complexity is bounded by a
constant, Landauer’s limit can be achieved efficiently by learning. In contrast, when
the complexity grows poly-logarithmically, no polynomial-time quantum algorithm
can erase the states without paying a nearly maximal amount of work.

state preparation are efficient, the constructed erasure protocol is also effi-
cient. We illustrate this with a wide range of physically relevant classes of
states, including shallow-circuit states, doped stabilizer states, matrix pro-
duct states, and low-degree phase states. Conversely, under standard
cryptographic assumptions, we prove that there exist classes of low-
complexity states that are hard to learn and also hard to erase. For these
states, Landauer’s principle allows N copies to be erased by expending an
amount of work independent of N, but for any efficient erasure protocol the
cost scales nearly linearly with N. This large gap between the work cost of
computationally-bounded agents versus what is information-theoretically
possible is a genuine quantum many-body phenomenon and a computa-
tional no-go result complementary to the third law of thermodynamics™ .
It also implies that the existing general purpose compress-to-erase methods
for achieving Landauer’s limit'***’ require resources superpolynomial in n
(Note that the time efficiency claims in these previous works refer to a
runtime of poly(N, D), where D = 2" is the Hilbert space dimension of a
single copy that grows exponentially with the system size).

Finally, we show that our learning-to-erase protocols can be used to
extract work””*"" in Methods, where similar optimality and (in)efficiency
results hold. In particular, the no-go result implies that in general one can
extract only a small fraction of all the possible work in polynomial time. In
contrast, given efficiently learnable states, we can efficiently extract the
optimal amount of work by learning.

Results
General formulation
We first consider the general case where the class of possible states C =
{}wx>}:n:1 is arbitrary and known (along with circuit descriptions of their
state preparation unitaries {U, }7_ ). We assume that these states are dis-
tinct, in the sense that they are pairwise apart by a constant trace distance:
Vx;tx/, dtr(‘v/x>7 }v/x’>) = % ” }V/x><ll/x’ - ’v/x’><Wx/ | ”1 2€e= ®(1) (Il’l
this work, we use the standard notations for asymptotics. For two positive
functions f(n) and g(n), f(n) = O(g(n)) if I ne, C > 0 such that ¥ n > n,,
fin) < Cg(n). fln) = Q(g(n)) if g(n) = O(f(n)). f(n) = O(g(n)) if in) = O(g(n))
and f(n) = Q(g(n))). The state we aim to erase can be described by
pP=> px(|1//x><1//x|)®N, where {p,} are the prior probabilities. We
consider the state-agnostic setting, where we do not have knowledge of {p.}
and thus the state p that we want to erase, but we do have knowledge of the
class C from which p is generated. For example, the distribution {p,} can be
supported on any single state |, ), or it can be uniform. Our goal is to design
a protocol that can erase p with high success probability no matter what the
distribution {p,} is. To do so, we describe a learning algorithm that identifies
x, lift it to a reversible algorithm, and then use it to erase the state.

To study fundamental principles, we make several technical simplifi-
cations. First, we focus on the energy cost incurred by the irreversibility in

logical information processing, and leave the cost from implementation
details such as error correction and device maintenance to future work.
Second, we allow the use of ancilla qubits as long as they are restored to the
initial state, so that one cannot hide entropy or work cost in the ancilla
qubits’. Third, we assume that learning algorithms output circuit
descriptions of the target states so that their computational complexity can
be properly defined. See Supplementary Information B for a formal
description.

We adopt a learning algorithm" based on hypothesis selection™ and
Clifford classical shadows”. Given s copies of the state |y, ), we apply a
random #n-qubit Clifford gate on each copy and measure in the computa-
tional basis. The measurement statistics allow us to classically calculate

unbiased estimators for the expectation values of < ) ) = O(m?)Helstrom

measurements”* between all pairs of possible states in C. We can then use
quantum hypothesis selection to find out the candidate state in C that is
closest to !l//x> in trace distance. When we have s = O(log(m)/e*) =
O(log m) samples, we are guaranteed to find the correct x with high prob-
ability psyec. A detailed proof can be found in ref. 13 Proposition 1.

The above learning algorithm involves randomness generation and
irreversible measurements that may incur extra work cost. To avoid this, we
describe a general method that lifts a learning algorithm to a reversible one.
Formally speaking, a learning algorithm £, takes the system ’1//X>;®S and a
classical memory register |0) ,, as input and writes the learning outcome into
|) ; with high probability. It is implemented using a set of quantum and
classical gates, random number generators, and projective measurements.
We first replace every quantum and classical gates by their reversible
counterparts™*’. Then we replace projective measurements by their coherent
version: to measure a set of projectors {P,}, we apply an unitary U on the
system and an ancilla A that records the measurement outcome. U com-
pletes the isometry P, ® |a) (0] such that U|y)[0), = >, P,|v)la) 5
for any |1//> - When classical random numbers are needed, we coherently
measure |+) states in the computational basis. All operations that depend
on random numbers or measurement outcomes can be realized using
reversible gates controlled by the ancilla. In this way, we have constructed a
reversible learning algorithm £ (a unitary) that satisfies

Lly,)g 100441004 = D eyl [unk, ) 1)
x'=1

where the coefficients c,.
dicting x” given the state
any x.

Now we construct an erasure protocol £(L) using the reversible
learning algorithm L. The construction is summarized in Fig. la. Given

. € C are determined by the probability of pre-
‘//x>- In particular, ¢y’ = peue is close to one for
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N = s copies of ‘1//X>, the protocol proceeds by first executing £ on s copies.
We call the s copies S and the rest R. Then we introduce an additional
classical memory M’ and use CNOT gates to copy the content of M into M'.
Next, we apply the inverse £~ to S, M, A to uncompute™ and get rid of the
junk. We erase each copy in S and R by applying the inverse state pre-
paration unitary conditioned on the learning outcome recorded in M’ and
uncomputing the copy. Finally, we erase M’ bit by bit using standard
classical Landauer erasure’, costing energy W = (log,m)k;TIn2. We
prove the correctness of this erasure protocol in Supplementary Information
C and provide a proof sketch in Methods.

We note that the only step that costs energy in this erasure protocol is
the step of erasing learning outcomes, which costs W = (log,m)k; T'In 2
joules of work, independent of N. This confirms our intuition that once we
have learned the state, we can erase many more copies without further work.
This general method of constructing reversible learning algorithms illus-
trates that learning as a physical process does not itself have a fundamental
energy cost’”". In principle, the energy cost only occurs when the learning
agent needs to erase and recycle its memory. In practice, there may be an
extra energy cost if the learning algorithm is not implemented in a fully
coherent and reversible way.

The sample complexity s of the learning algorithm plays an interesting
role in the erasure protocol. The above construction works as longas N> s
and we have sufficient quantum working memory (ancilla supply) so that
we have enough information to learn and space to make everything
reversible. Extra work may be needed when these assumptions are not met.
This shows that the usual N — oo limit taken in thermodynamics is not
necessary and can be significantly relaxed to N=s. Assuming that
the learning algorithm and the state preparation unitary have time com-
plexity Tieam and T, the total time complexity of &£(L) is
O(Tjeqen, + logm + NT..,). Therefore, whenever the learning and state
preparation steps are efficient, the erasure protocol is also efficient.

We show that the above work cost is optimal by calculating the lower
bound given by Landauer’s principle. Since we are only given one copy
of p (which contains N copies of }V/x>), the Landauer’s limit is given by the
one-shot max-entropy W=H,_ (p)kzTIn2, where H, . (p)=
log,(rank(p)) is the max-entropy of p*'"*"**. To calculate the rank
of p, we construct the Gram matrix G,, = (y,|y,) . Assuming
N >2log(m — 1)/ log(1/(1 — €?)) = O(log m) (which is naturally satis-
fied when N>s and we always assume this from now on), we have
Zx’::lexx’l < Zx’¢x(l - €2)N/2 < Zx/atx(m - 1)71 =1=0G,,, Vx. This
means that G is diagonally dominant and thus non-singular, implying that
{‘u/x>®l\’}x:1 are linearly independent. Therefore, when we maximize over
all possible {p,} in the state-agnostic setting, we have rank(p) = m and
Landauer’s limit reads (log, m)k T In 2. This coincides with the work cost of
&E(L), proving that the learning-to-erase protocol is information-
theoretically optimal.

We remark that the above construction works for any valid learning
algorithm, not just for the one described above. In fact, a simple compress-
to-erase protocol commonly used in the literature™'' can already achieve the
optimal energy cost (see Supplementary Information B). However, this
compress-to-erase protocol has exponential runtime, and in fact we will
show that this computational inefficiency is inevitable. In contrast, we will
see below that learning-to-erase protocols are provably-efficient and energy-
optimal for physically relevant classes of states. Moreover, in regimes where
our protocols are inefficient, our computational hardness results show that
no efficient protocols can achieve the optimal energy cost. Therefore,
learning-to-erase can be regarded as an operational way to instantiate
compression-based erasure that achieves the same optimal energy cost but
with provable computational efficiency guarantees.

Work and complexity

We now apply the general formulation to several physically relevant classes
of states, and illustrate how the work cost of erasure grows with the com-
plexity of the states in the target class. For these classes, we give time efficient
erasure protocols built from efficient learning algorithms. The results are

summarized in Fig. 1b. Note that we are considering erasure under the
assumption that the system Hamiltonian is trivial. If the Hamiltonian is
nontrivial, then erasure might induce a change in internal energy that
should be included in the thermodynamic cost.

Our first example is shallow-circuit states C = {}1{/> = U|0™)}, where
U can be an arbitrary quantum circuit with depth d on a O(1)-dimensional
lattice built from a finite-size two-qubit gate set G'*'>*". This class naturally
describes the output state of finite-time evolution of physical systems** and
noisy intermediate-scale quantum computation®, offering quantum
advantage over classical computation*~*. The number of possible states in
this class is m = |G|®"®. Thus the required work cost is

W = O(nd)k,TIn2, @)

growing linearly with circuit depth d, when N is sufficiently large. In
Methods, we generalize this to the case where each gate is non-discrete and
can be any two-qubit unitary. The same work cost scaling applies up to
logarithmic factors. For constant d, this optimal work cost is achieved
efficiently using £(£) with a polynomial-time learning algorithm £ that
learns the local inversions of the shallow circuit and sews them together (the
discrete gate set version of ref. 15). In particular, we have T, =
poly(n) - 24 and Torep = O(nd), and the total time complexity of erasure
is O(poly(n) - 24% 4 ndN).

A second example is t-doped stabilizer states C = {|1//> = U|0")},
where U is composed of an arbitrary number of Clifford gates and
at most ¢ T-gates (T = diag(1, €™*))'*"". Here, t characterizes the amount of
magic (or non-stabilizerness) in the state”, which is closely related to
universality”"”, classical simulability’*~*, and error correction®” of quan-
tum computation. The number of possible states in the class is
m= (2(9(”2))H—1 x n' = exp O(n(t + 1))* because there are 26(") possible
Clifford unitaries in between each pair of T-gates. When N is large, the work
cost for erasure is

W = @t + 1)k TIn2, (3)

growing linearly with the magic ¢. In particular, the work cost for erasing
stabilizer states is ©(n?)kzT In 2. For t = O(log 1), this is achieved effi-
ciently by an efficient learning algorithm for t-doped stabilizer states, which
identifies the state exactly by bell sampling™ and estimating the stabilizer
group (see ref. 16). We have Tjearn = poly(n, 2) and Tpyep = O(n*t); thus the
total time complexity of erasure is O(poly(n, 2°) 4+ n*tN).

Our third example is matrix product states (MPS)
C=A{lv) =Y eioupAl' -~ Alx)}, where A7 € CF*¥t with bond
dimension y; =y, = 1 and , <25'". Here, S is the maximal entanglement
entropy across every cut of the system. MPS representations with constant S
exist for states with bounded entanglement, including ground states of one-
dimensional gapped local Hamiltonians™ and symmetry-protected topo-
logical phases®, as well as important states like AKLT®', GHZ, W and cluster
states that are useful for quantum metrology” and universal quantum
computation(’3 . In Methods, we show that the work cost for erasure

W = exp(0(S))kzT In 2 (4)

grows exponentially with the entanglement entropy S. For constant S, this
is achieved efficiently using an efficient learning algorithm for MPS that
sequentially learns # O(S)-qubit unitaries to disentangle the MPS (see
ref. 18). We have T}, = poly(n,25) and Torep = 0(n4%), and the total
time complexity of erasure is O(poly(, 25) + n45N).

The  last  example is low-degree ~ phase  states
C={ly) =27"2% oup (- 1?0}, where £ {0, 1}" — {0, 1} is an
arbitrary Boolean function with degree at most k = O(1) "*. They correspond
to hypergraph states that are generated by k-body multi-controlled Z gates
on |+)®". The degree k is closely related to the level of Clifford hierarchy®*
and the amount of quantum contextuality®. They are useful resources in
measurement-based quantum computation®*® and appear in quantum

npj Quantum Information | (2026) 12:137


www.nature.com/npjqi

https://doi.org/10.1038/s41534-026-01273-4

Article

67,68 36

advantage experiments’”” and oracle query algorithms™. By counting
polynomial Boolean functions, we see that the number of such states is
n

m= HJI-LOZ j ) = exp O(n*) and the required work cost is

W = @(rn")k,Tn 2, (5)

growing exponentially with degree k. For constant k, the erasure is efficient
using an efficient learning algorithm that measures single-qubit X and Z
observables and learns the gradient of f with respect to each argument (see
ref. 19, Theorem 3). Here, Tieqrn = O(™ ) and Tpyrep = O(kn*)*’, and the total
time complexity of erasure is O(n™ 2 + kn*N).

In Fig. 1b, we summarize the above results and visualize how the
optimal work cost of erasure grows with the four different complexity
measures: circuit depth d, magic ¢, entanglement entropy S, and degree k. In
particular, the work cost scales linearly with depth ( ~ nd) and magic ( ~ n’t),
where the growth with magic has a larger slope. Meanwhile, the work cost
scales exponentially with entanglement entropy (~ ¢°) and degree ( ~ %),
where the growth with degree is faster. The computational complexity of
erasure grows exponentially with all four measures of complexity. When the
complexity is bounded by a constant, the optimal work cost can be achieved
efficiently by learning.

Computational hardness

For the above special classes of states, we have constructed efficient erasure
protocols with optimal work cost. However, we show that this is not possible
in general. We consider a particular class of states, pseudorandom states
{|,)}""", which cannot be efficiently distinguished from Haar random
states with non-negligible (1/poly(rn)) probability. Concretely, under the
standard cryptographic conjecture that there exist one-way functions secure
against any sub-exponential time quantum adversary (e.g., based on the
learning with errors problems’”), pseudorandom states can be constructed
with d = polylog(n) circuit depth™. Let N = poly(n). Because the entropy of
p= zxpx(‘wxxwx})@N depends on m but not N, Landauer’s principle
asserts that the N copies of pseudorandom states can be erased with low
work cost @(nd)k T In 2 = @(npolylog(n))ks T In 2, independent of N. On
the other hand, for the Haar ensemble, the Landauer cost of erasure is

N+2"—1
W haar = log, N kyTIn2, 6)

because the density operator realized by the Haar ensemble has full rank

over the totally symmetric subspace for N copies of a 2"-dimensional Hilbert
N+2"—-1
N
that any polynomial-time quantum algorithm that can erase a pseudoran-
dom state p = prx(|1//x><1//x|)®N with success probability close to one
must require work cost Wy, The intuition is simple: if we can erase

space, which has dimension . In the following, we prove

pseudorandom states with less work than Wiy,,,, then we can distinguish
them from Haar random states by measuring the work cost, violating the
definition of pseudorandom states.

To prove the statement, we suppose for the sake of contradiction
that there exists an efficient erasure protocol £ that erases p with work
cost less than Wyy,,,. We construct a distinguisher D that distinguishes
pseudorandom states from Haar random states. The distinguisher
proceeds by executing £ on the given states and conducting two tests:
(1) determine if the erasure is successful by measuring the projector
|0)(0; and (2) test if the work cost is less than Wyy,,, by measuring the
energy change in the energy source (Here, we assume that the energy
source is classical and can be measured deterministically. If the energy
source is quantum, we can always measure the work cost to 1/poly(n)
accuracy in polynomial time. Thus, the work cost lower bound in the
no-go result will change to Wiy,,, — negl(n) where negl(n) is a function

that decays faster than any polynomial of n. In Supplementary Infor-
mation D, we provide the proof details of the fully quantum case). D
outputs 0 if both tests pass, and 1 otherwise.

When given pseudorandom states, we have Pr[D((!l//x><1//x|)®N) =
0] = P1[D(p) = 0] close to one, where the probability is over x and the
randomness in D; here we used linearity of quantum channels
and the guarantee that £ can erase pseudorandom states. When given Haar
random states pyp... = [ d|y)(|y) <1//’)®N, the probability of outputting 0 is
equal to Pr[D(|]y){y|) = 0] = Pr[D(py,,) = 0], the probability
of one-shot successful erasure of pr,, with work cost less than Wi,
Because the erasure protocol £ is assumed to be efficient, this probability
must also be close to one by the definition of pseudorandom states.
But this contradicts Landauer’s principle, which asserts that it is
not possible to perform one-shot erasure with work cost less than
H, o (P )k T In 2 = log, (rank(pyy,, Dk TIn2 = Wy . This  com-
pletes the proof of the no-go result. We provide more details of the proof in
Supplementary Information D.

For a  quantitative  understanding, =~ we note that
Wipaar/ (kg T1n2) 2 nN(1 — (log,N)/n), which goes to the maximal value
nN as n grows large with N = poly(n). But Landauer’s limit for this class of
states is only ®(nd) = npolylog(n), independent of N. This means that
Landauer’s limit cannot be achieved in polynomial time, and asymptotically
maximal work must be paid.

We remark that this is a computational no-go result com-
plementary to the third law of thermodynamics (We consider the
unattainability formulation of the third law of thermodynamics, which
applies not only to the cooling of thermal states but also the erasure/
purification of arbitrary states. See e.g., ref. 23), which asserts that
perfect erasure as a form of cooling requires diverging resources (time,
size of the heat bath, etc.)”. The third law does not rule out the
possibility of achieving Landauer’s limit in polynomial time by paying
1/poly(n) extra work and using an infinite size heat bath. In contrast,
our result shows that even with an infinite size heat bath, any procedure
that can erase a particular class of low-complexity states in polynomial
time must pay a nearly maximal amount of work, under standard
cryptographic assumptions. This is a many-body phenomenon arising
from the complexity of large systems.

Discussion

We have established a concrete connection between quantum learning
theory and thermodynamics. Our results illustrate that seemingly abstract
learning processes have tangible physical consequences that determine the
energy cost or gain in thermodynamic tasks. This allows us to study
properties of learning itself from a thermodynamic perspective. In parti-
cular, we find that learning has no fundamental energy cost, if implemented
in a fully coherent fashion.

This connection also enables provably-efficient and energy-
optimal thermodynamic protocols based on learning, improving
upon existing compression-based protocols that have exponential time
complexity'***. This contributes to a growing literature on state-
agnostic thermodynamic and compression protocols™”*”. In parti-
cular, we circumvent the potential energy cost of measurements and
revive the use of learning algorithms for thermodynamic tasks™. In a
sense, learning is a form of compression — namely compressing
quantum states into their classical descriptions — and efficient learning
yields efficient compression”. These efficient erasure protocols may
find applications in the initialization of distributed quantum metrology
systems and in recycling qubits for repeated use in quantum experi-
ments. They also provide a viable way to experimentally demonstrate
Landauer’s limit’*”® and materialize Maxwell’s demon as a learning
agent’”””™ in the quantum many-body regime. These efficient energy-
optimal protocols may be a key component in building future large-
scale, energy-efficient quantum computers®.

Our results also exemplify the drastic change of physical resources
required by certain tasks when we are in the many-body regime. Ideas that
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date back to the early days of information theory, like Landauer’s principle,
may require reexamination via the lens of complexity**.

Our work opens up many interesting future directions. First, our
setting can be extended to more realistic scenarios, where we want to
erase many copies of mixed states p =Y p p®". A natural choice
could be thermal states of unknown Hamiltonians that describe phy-
sical systems in thermal equilibrium. Efficient learning and erasing
may be possible in this case**"’, where we expect the optimal work cost
to scale with N: >°,p,NH(p,) + H({p.}), because after we have identified
px we still need to pay work to erase each copy because it is mixed.
Second, our results may be extended to continuous variable systems
such as fermionic or bosonic systems and inspire efficient thermo-
dynamic protocols there**®. Third, learning may yield efficient pro-
tocols for other thermodynamic tasks beyond erasure and work
extraction.

Our computational hardness results may find cryptological
applications related to energy storage, manipulation, and transfer. For
example, one may envision an encrypted battery, where any
computationally-bounded agent without the secret key cannot extract
much work from the battery even when having access to the physical
substrate of the battery; the full energy is only efficiently extractable
when one has the secret key. Intriguingly, limitations on erasing
information in or extracting work from black holes may apply if the
evolution of these systems is modeled accurately by pseudorandom
unitaries”””. Finally, it may be instructive to study other physical
properties of learning processes beyond energy cost, such as their
consequences for information dynamics”, phase transitions™, and
noise robustness’'.

During the revision of this manuscript, we became aware of related
independent works by Watanabe and Takagi” and Lumbreras et al.”,
released subsequent to the initial posting of our preprint. Ref. 95 addresses
the information-theoretic achievability of state-agnostic work extraction
when infinitely many copies are given (N — o). Ref. 96 applies a known
regret bound from online learning of quantum states to online work
extraction from qubits (n = 1). Both works start from the premise that
standard tomography destroys many copies of the states and uses mea-
surements that may incur additional energy cost. In contrast, our work
shows that one can circumvent these costs by making tomography fully
coherent and reversible, thereby achieving the optimal energy cost by
learning.

Our work also studies the computational complexity aspect of
erasure and work extraction, providing provably efficient protocols for
structured states and proving no-go theorems for high-complexity
states in the many-body regime (n>> 1). This aspect is not considered
in refs. 95,96. In particular, ref. 96 is restricted to single-qubit pure
states (n = 1). Ref. 95 studies mixed states in general systems and has an
excess energy cost per copy that scales as ~ 2°*’/N, which approaches
zero only when the number of copies N is exponential in #. In fact, our
no-go theorem proves that no general-purpose protocol can have
runtime polynomial in n while dissipating energy sublinear in N, as
doing so would break post-quantum cryptography. As a corollary, the
polylog(N) dissipation scaling derived in ref. 96 for qubits (n = 1)
cannot be generalized to computationally efficient protocols for many-
body systems.

In addition, our work relates the energy cost of erasing quantum
states to their structural properties, including circuit depth, entan-
glement, magic, and Boolean function degree. This relation between
different resources has not been addressed before. We provide a
detailed discussion of other related works in Supplementary Infor-
mation A.

Methods

Proof of correctness

Here we provide the proof sketch for the correctness of the erasure protocol
&(L). A more detailed proof can be found in Supplementary Information C.

The key is to calculate the overlap between |x), }wx>?s|0) .4 and the
intermediate state of £(L) after uncomputation (apart from R):

((le’ <1//x |;®S(O|M7A) (L"Jr Z Cx/\xlx/)M' |x,)M|junkx’>s‘A>

Z o X1X ) pp <<1//x P (O|MA£+> (|x)M|junkx/>S>A> @)
= Cyx (Zc”lx x |M<)unk ’s,A)'x)M’junkx%‘,A
= |Cx|x| —psucc7

which means that the trace distance between the two states is

1-— |Cx\x|4 < /1 — p2,... Due to the data processing inequality satisfied
by the trace distance”, after executing the rest of the erasure protocol (a fixed
"1, 100) </ T= Pl
When the input is the mixture p = prx(’wxxv/x‘)@N, we invoke the
triangle inequality and have trace distance % | E(L)(p & 10)(0]) —
[0)(olll, <> .p.d tr(é’(ﬁ)(‘y/x |0)), [0)) < 4/1 — p2,..» which s close to

zero. This concludes the proof of the correctness.

quantum channel), we have du(S(E)(‘l//x>®

Continuous classes of states

It is straightforward to generalize the results to erase a continuous class of
states C. We can use the erasure protocol for a discrete class in conjunction
with a minimal e-covering net of C, similar to ref. 13, Theorem 1. The
resulting erasure protocol will be able to approximately erase every copy to e
error in trace distance. The work cost will be (log,m(C, d,;, €))kzTIn2
where m(C, d,;, €) is the size of the covering net. Meanwhile, this protocol
can perfectly erase states drawn from a maximal ©(e)-packing net of C. By
Landauer’s principle, this requires work (log,m(C, d,,, ©(€))k5 T In 2 when
Nislarge, where m(C, d,,, ©(€)) is the size of the packing net. Since m and m
are equivalent up to a constant factor change in €, the erasure protocol is
asymptotically optimal.

As an example, we bound the size of the e-covering and packing nets of
matrix product states. Every MPS with entanglement entropy S can be
generated by a sequential quantum circuit with n gates each acting on O(S)
qubits”. Utilizing existing covering number bounds on circuits with
bounded gate complexity and fixed circuit structure'’, Theorem 8, we have
logm(C, d,,, €) < O(n4% log(n4%S /¢)) = exp O(S), where O omits
log 1, loglog(1/¢) factors. To lower bound the packing number 7, we note
that an MPS with entanglement entropy S can represent any &(S)-qubit
state tensored with zeroes on the remaining qubits. The set of general
O(S)-qubit states have log-packing number exp Q(S). Thus we have
logm(C,d,, €) > exp Q(S). This means that the work cost of erasure is
W = exp(©(S))kzTIn 2. Similarly, one can bound the covering and
packing numbers of depth-d shallow circuit states with arbitrary two-qubit
gates as exp O(nd)”, which implies the work cost of erasure W =
O(nd)ky T In 2 when each gate is not assumed to be discrete.

The classical case

It helps to compare with the classical version of the problem. Classically, the
state is a mixture of m < 2" possible computational basis states copied N
times. The entropy is log, m < n, which does not increase with N, even when
the bit-strings are generated by pseudorandom functions. We can always
erase N copies with work cost at most nk, T'In 2. Therefore, it is a genuine
quantum feature to have a work cost Wyy,,, that scales with N. This origi-
nates from the fact that there are many more states when we allow super-
position. The optimal classical erasure protocol is straightforward: we
condition on the first copy of the bit-string, apply transversal CNOT gates to
erase the other copies, and finally erase the first copy. From a learning
perspective, this protocol learns the bitstring by looking at the first copy, and
the knowledge of this one copy is sufficient for erasing the rest. In contrast, in
the fully quantum case, many copies are needed to learn a state.
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Work extraction

The thermodynamic implications of quantum learning theory extend
beyond erasure. In the task of work extraction, it is information-theoretically
possible to extract W = (nN — H(p))k T In 2 work from the state p”'****".
When learning is efficient, our learning-to-erase protocols give efficient
work extraction protocols with the maximal work yield: we simply erase the
state first, and then extract work from each refreshed qubit. In contrast, there
exist ensembles such that no polynomial-time quantum algorithm can
extract more work than nNkzT'In2 — Wy, < Nlog,(N)ky T In 2. Other-
wise, one could construct an efficient erasure protocol with less than Wyy,,,
work cost for pseudorandom states by first extracting work and then erasing
each qubit (which costs nNkzT In2 work and O(nN) = poly(n) time).
Therefore, for general states, one can extract in polynomial time only a
fraction log,(N)/n = O(log(n)/n) of the available work, which becomes
negligibly small for 7 large.
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