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Quantum systems are inevitably open, continually exchanging energy and
information with the surrounding environment. This interaction leads to
decoherence and decay of quantum states. In complex systems, formed by
many particles, decay can become correlated and enhanced. A fundamental
questionthen arises: what is the maximal decay rate of alarge quantum
system, and how doesiit scale with its size? Computing this rate exactly is

as hard as finding the ground-state energy of a generic spin Hamiltonian—a
notoriously intractable problem. Here we exploit this correspondence to
establish rigorous and general upper and lower bounds on the maximal
decay rate. These bounds are universal, as they hold for abroad class of
Markovian many-body quantum systems. For many physically relevant
systems, the bounds are asymptotically tight, resulting in exact scaling laws
with system size. Specifically, for large atomic arrays in free space, these
scalings depend only on the dimensionality of the array and are insensitive
to details at short length scales. The scaling laws set fundamental limits on
the decay rates of all quantum states, shed light on the behaviour of generic
driven-dissipative systems, and may ultimately constrain the scalability of

% Check for updates

quantum processors and simulators based on atomic arrays.

Understanding the quantum dynamics of far-from-equilibrium open
many-body systems is amajor frontier in physics. From afundamental
perspective, the interplay between energy pumping and dissipation
allows for the emergence of phases that transcend the paradigms
established by equilibrium statistical physics. Examples in quantum
optics include the superradiant laser'” and the driven Dicke phase
transition® . From an applied standpoint, the full potential of quantum
technologies—including quantum computing, quantum simulationand
metrology—is realized only with large systems that remain coherent
despite their coupling to a bath.

In systems formed by many particles, the always-present vacuum
fluctuations mediate long-range dissipative interactions that cannotbe
switched off, inducing correlated decay that may increase with system
size.Such decay processes are collectively enhanced if the particles are
tightly packed. Correlated decay may, thus, become the ultimate source

of decoherence for many quantum technologies. For instance, it may
alter the signal-to-noise ratio in metrology experiments such as atomic
clocks or spin squeezing. Similarly, in large-scale quantum computers,
it can lead to much shorter coherence times than the predicted time-
scales using independent noise models and may hinder quantumerror
correction®’. On the other hand, correlated decay is a critical require-
ment for other applications, such as the development of new light
sources"*®, the dissipative preparation of correlated many-body states’'
or the protection of logical quantum information via dissipation™".
Dueto the exponential complexity associated with large quantum
systems, exactly computing the largest decay rateis aformidable chal-
lenge. This problem remains unsolved except in trivial cases, such as
permutationally symmetric models (for example, atoms coupled to
a cavity) and non-interacting systems. In generic situations, finding
the largest decay rate is as difficult as determining the ground state
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Fig.1| Generic qubit ensemble described as an out-of-equilibrium, open,
many-body quantum system. a, In Markovian baths, integrating out the
environment degrees of freedom yields a spin model with coherent and
dissipative interactions. The dissipative couplings between N qubits are given by
the decoherence matrix I = (F’j)?,/i:l' b, For aclosed system, the ground state is
the state of minimal energy. For an open system, finding the state with maximal
decayrate (R, ) isanalogous to finding the ground-state energy of a Hamiltonian.

of a general 2-local Hamiltonian, which is known to be a quantum
Merlin-Arthur-complete problem—believed to be hard even for a
quantum computer®, This complexity is compounded by the diversity
of experimental platforms, with many candidate qubits (neutral atoms,
molecules, ions, superconducting qubits, quantum dots, vacancy
centres among others) and various mediators of their interactions
(electromagnetic field and other bosonic collective excitations such
as phonons, magnons and so on).

Inthis work, we find upper and lower bounds to the maximal decay
rate by leveraging tools from Hamiltonian complexity theory'" and
applying them in the context of out-of-equilibrium quantum dynam-
ics.Foralarge class of systems, these bounds are asymptotically tight,
thereby yielding scaling laws with system size that only depend on
the spectral properties of the decoherence matrix I', whose dimen-
sion is linear in system size. The bounds are obtained by means of
product-state ansatzes and, thus, imply that entanglement does not
playanyroleinthescaling. Our results are formally rigorous and do not
rely on mean-field approximations: although the bounds are derived
using product states, they remain valid for any state (including entan-
gled states), thereby going beyond previous approaches based on
mean-field theory' or approximate numerical methods” .

We apply these tools to the specific case of ordered atomic
arrays***and lattices in free space®’, which have become an all-around
platform for different quantum technologies, ranging from quantum
computing* and quantum simulation® to atomic clocks?*~°and spin
squeezing® . In the physically relevant regime of lattice constants
similar to the resonance wavelength, the maximal decay rate scales as

~N§_$,whereDisthe array dimensionality. Thisscaling law is universal
as it does not depend on specific details of the array such as lattice
geometry or atomic polarizationand hasimplicationsin abroad set of
problems ranging from quantum dynamics to metrology and
quantum computation.

Theory background
A broad class of Markovian many-body open quantum systems of N
qubits (Fig. 1a) is described by the Lindblad master equation

D= _%[I-AI + I:llocal’p] + Dlocal(ﬁ)

N ()
+ 3 Iy(07p6F — 36707, 0))
i,j=1 v lp 4 207 i)

where (‘7{.* =0 + i&f)/z are the raising and lowering operators for
qubit i. The first term describes coherent evolution, governed by an
arbitrary qubit Hamiltonian A that commutes with the total excitation
operator fie,. = 3,07 67,andanarbitrary local Hamiltonian Hiocarthat
canbewrittenasalinear combination of local Pauli operators (that s,
each Pauli operator acts non-trivially ona constant number of qubits).
Theremaining terms describe dissipation, either local—in the form of
alinear combination of Lindbladians Dy, inwhich all Lindblad oper-
ators are arbitrary local Pauli operators—or collective, generated by
Lindblad operators with non-local support that act on an extensive
number of qubits. Precise definitions of Hjqc, and Do, whichmodel
non-collective processes, are provided in the Methods.

Collective dissipative interactions are represented by the Hermi-
tian decoherence matrix I" = (E'/')Z/‘:r For the master equation to

describe a physically valid evolution (thatis, acompletely positive and
trace-preserving map), /must be positive semidefinite (thatis, I = 0).
This ensures non-negative eigenvalues {/,}, which are physically inter-
preted as collective transition rates.Since I = 0, the spectral norm | '
isequalto I, thelargest collective transition rate (thatis, the largest

eigenvalue of the matrix). We define Iy = Z:V:I I';;/Ntobetheaverage
individual decay rate.

We note that the above master equation encompasses a wide
variety of physical scenarios, including arbitrary Hamiltonian interac-
tions, coherent driving, diverse decoherence channels (such as inco-
herent driving, coupling to a finite-temperature reservoir, and
dephasing) and disorder in I (Supplementary Section A.1 provides a
detailed discussion). However, for the sake of simplicity, we omit the
local terms Hiocq and Do, in the following discussion, a choice that
wejustify later.

The instantaneous decay rate of the many-body system, R, is
computed as the expectation value of an ‘auxiliary’ (and Hermitian)
Hamiltonian A - (ref.34), that s,

d . N
R= _E_O’lexc) = (HF>/h V)
where
R N N 5
Hr=nY, I;67 67 = h ), T,6,6,, (©)
ij=1 u=1

and I = Fy* Thelast equality isachieved by means of collective jump
operators ¢, = Z:-VZI af.”)(”zi’, with a® being the normalized eigenvec-
tors of I (in this notation, the largest eigenvalueis I, = I7). Gener-
ically, the auxiliary Hamiltonian H - describes an XY model defined
on a weighted interaction graph with a local transverse field. In the
specific case where the interactions are mediated by the electromag-
netic field, Fis proportional to the electromagnetic Green’s function®
and the decay rate is exactly equal to the photon emission rate inte-
grated over all emission angles.

Lower and upper bounds

Our goal is to set the theoretical limits on the maximal decay rate R,,
the maximum value of R over all possible many-body quantum states.
As demonstrated in Supplementary Section A.2, R, also provides upper
bounds on the rates of change for general observables. For example,
the average coherence N‘Izj(ép changes atarateat most 2R, Iy,
which captures the collectively enhanced decoherence due to
correlated decay.

Computing R, amounts to calculating the spectral radius of H -
(since H- = 0) or, equivalently, the ground-state energy of —H -
(Fig. 1b). Finding the exact energy is expected to be hard®”, except in
two limiting cases. For non-interacting qubits (with ;=6,,), R, =Nl
Inthe Dicke limit (that is, with all-to-allinteractions such that =1,V i,
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Fig.2|Scaling with system size of the numerical approximation for R,.An
approximation to the maximal decay rate R, is given by the SDP solution R, for
different lattice dimensionalities with lattice constant d = 0.4A,. For 1D ((J]) and
2D (A\) arrays, the atoms are perpendicularly polarized; for the 3D (O) lattice, the
atoms are polarized along one axis of the array. The dashed black line is a guide to

the eye representing the analytical scaling law R, ~N% - % I'y. Inset: comparison
between the numerical approximation for the maximal decay rate R, given by
Rspeand the largest eigenvalue of A - for arrays of up to N=25 atoms obtained by
exact diagonalization. The dashed coloured lines indicate the upper and lower
bounds, obtained by numerically evaluating equation (4).

J), Ry =N(N+2)I,/4 (refs.16,36). These two cases serve as trivial lower

and upper bounds, respectively, for R, in arbitrary environments. In
general, for systems with non-negative dissipative couplings (/;> 0V,
7, wefind R, ~ ¥ .,l; (Supplementary Section A.3). In what follows,
however, we do not make such a restrictive assumption.

We establish bounds on R, using product states. Although other
methods exist, our approach based on product states provides an
important physical insight: entanglementis not necessary for asystem
todissipate at arate near the theoretical maximumscaling. This finding
complements previous observations on the role of entanglement in
spontaneous transient superradiance®. We stress that our use of prod-
uctstates here is fundamentally different from many previous analyti-
calstudiesbased on mean-field theory, since the state decaying at rate
R, is,ingeneral, highly entangled.

We obtain the upper bound by harnessing well-established
theoretical guarantees for product-state approximations”, and the
lower bound from the variational product state ansatz
|¢)ex ®J.N:1(|g>j + e‘i¢i|e>j) , where {¢} are locally dependent relative
phases between|e)and |g) determined by the dominant eigenvector
of I. This yields the general bounds (Methods) as

max {NFO, N1 max } <R, 2 N (Blmax — 10), 4)

@ +n)<fes

where 0 < A <N —listhe relative fluctuation of the entries of a®,
the dominant eigenvector of I. More specifically, we define
A =4/ Var (Ja®|)/|a®| , where |a®| and Var (ja)|) are the mean and
variance of the absolute entries of a®, respectively. The lower bound
istighterif decayis delocalized (thatis, if the brightest collective jump
operator has approximately uniform spatial support over all qubits),
characterized by A = O(1). In particular, for a translationally invariant
system, A = 0. For non-interacting qubits with identical decay rate
I;=I, (suchthat I, = I'yand R, =NI,), both bounds are saturated.
The lower bound is saturated for large Nin the Dicke limit, where
Tmax = NIy, A=0and R, = N*I,/4 + O(NI,). Equation (4) also implies
that for ‘sufficiently weak’ interactions (such that I',,,is asymptotically

independent of N), the maximal decay rate scales only linearly with
systemsize. This generalizes some of the authors’ recent results on the
impossibility of Dicke superradiance with nearest-neighbour
interactions™, tosystemswitharbitraryinteractionrangeand geometry.

Universal scaling laws

Our boundsaretight for systems with delocalized decay (differing only
by a constant factor), thereby yielding scaling laws for the maximal
decay rate. Taking A = O(1) in equation (4), we find

Ry ~NT maxs 5

whichisone of the main results of this paper. Despite its apparent sim-
plicity, the scaling law R, ~ NI« in the delocalized regime is
non-trivial and certainly not true for arbitrary systems. More broadly,
inSupplementary Section A.5, we prove that there are no general scal-
inglaws on R, that depend solely onthe systemsize and the spectrum
of I', which we show by constructing explicit, though non-physical,
mathematical counterexamples. Since I';,,, can be computed numer-
ically in O(N?) time, the scaling law provides an efficient scheme to
approximate R, for large system sizes with quasi-translational invari-
ance (that is, such that A = O(1)). Equation (5) remains valid for the
general master equation (1), even in the presence of local terms Hiocq
and Dy,c,. As we show in the Methods, these terms only shift R, by a
subleading amount O(NI,). Physically, this implies that the largest
decay rate is always dominated by collective dissipation. Moreover, as
discussedin Supplementary Section A.1, the scaling law is also robust
todisorderin/.

Our scaling law reveals important insights about the N*scaling in
Dicke superradiance: one factor of Narises from the permutation sym-
metry, and the other one fromthe delocalized nature of the dominant
decay channel together with anon-vanishing excitation density at large
N.It may seem surprising that a product state yields the same asymp-
totic decay rate as the entangled Dicke state, but this can be thought
of as an instance of the quantum de Finetti theorem®. Since A is
2-local, it suffices to only consider the two-body reduced density matrix
ofthe permutationally symmetric Dicke state, whichis close toa prod-
uct state (with trace distance vanishing as 1/N). Our results show that
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Fig.3|Finite-size effects in the scaling of the largest transition rateasa
function of lattice constant. Data are obtained fromabest fit to /', = BN,
These data are presented as fit values (solid lines) with the corresponding 1o
confidence interval (coloured regions). For small lattice constants, the scaling
reaches the Dicke limit (a=1), and for very large lattice constants, the ensemble
becomes non-interacting (a = 0). For aregion of physically relevant lattice
constants, the fits agree with the dimensional scaling of equation (7), that is, a =
1/2-1/2D.The atoms form a square lattice and are polarized parallel to one axis of
the array. Thefits are done withn={7, 6, 9} points equally distributed over a
region Nyp € [2, N[*], where N = {30000, 250, 40} for one, two and three
dimensions, respectively. The grey area shows the region in which the fitis not
accurate (R*< 0.95; Supplementary Section B.1). The top axis shows the lattice
constant exclusively for 1D arrays. The dashed lines represent analytical scaling.
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Fig. 4 |Implications of the scaling laws for quantum computing and
simulation with Rydberg atom arrays. Ratio between the largest total leakage
I (defined in the main text) and the Rydberg-Rydberg interaction V,,, for the
53S,,, state in 2D Rydberg arrays of ’Rb atoms. The solid white lines delimit
theregionsinwhichthe collective decay rate follows Dicke (lower line) and
dimensional (upper line) scalings. The transition region interpolates between
the two regimes. Above the dashed line, collective decay exceeds the total
independent leakage I, + I',, originating from spontaneous emission and black-
body processes at T=300 K (Methods). The dash-dotted line indicates the state-
of-the-artlimit size, imposed by the objective’s field of view (-1 mm).

theaccuracy ofthe mean-field (product state) ansatz holds more gener-
ally, even when the permutation symmetry is broken.

Maximal decay rate of atomic arraysin free space

We now focus onordered lattices of two-level atoms in free space, whose
interactions are described by the propagator of the electromagnetic
field evaluated at the resonance frequency w,, whichis along-ranged
function with oscillating sign (Supplementary Section B.1). This makes
the problem of finding the ground state of —H ~-non-trivial and is, thus,
aperfect candidate to showcase the strength of our theoretical tools.
Nevertheless, ourformalismisnotrestricted toelectric-dipole-mediated
interactions in free space but can also describe magnetic-dipole
or electric-quadrupole interactions in arbitrarily complex dielectric
structures.

Inthelarge-Nlimit, and for alarge range of lattice constantsd, the
functional dependence on system size of the largest transition rate is
only determined by the dimensionality of the array®. One can relate
the scaling with N to the presence of divergences of (k) in reciprocal
space as |k| approaches k, = w,/c (c, the speed of light) by assuming
that the single-excitation eigenstates of large arrays can be asymp-
totically well-approximated by spin waves*** and then performing
a discrete sampling of the Brillouin zone*. Divergences do not occur
for one-dimensional (1D) arrays. They appear for two-dimensional
(2D) and three-dimensional (3D) lattices, as the number of atoms per
volumeincreases, enhancingthe constructive interference of photon
emission for certain wavevectors. For a D-dimensional array, the largest
transition rate scales as

D+1 D-1

I To~kod)” 2 N . )

This result canbe easily generalized to compute the scaling of I}, for
an arbitrary D-dimensional lattice in -dimensional free space, with
D <6 (Supplementary Section B.2). For this scaling to determine R, via
equation (5), the jump operator associated with the largest transition
rate must be delocalized. In three-dimensional free space (6 = 3), this

is expected to hold. Although we explicitly verify this delocalization
numerically for 1D and 2D arrays (Methods), an exact computation of
the delocalization parameter A for large 3D arraysis numerically intrac-
table. Nevertheless, as shown below, we independently validate the
scaling law for all dimensions (including 3D) via semidefinite-program
(SDP) relaxations.

The asymptoticscaling of the maximal decay rate depends onthe
array dimensionality (D {1, 2,3}) as

R(*D) 3_1
F_ONNZ 0, 7)

This dimensional scaling, a main result of the paper, is universal. It is
independent of microscopic details (such as lattice constant, geom-
etry and polarization), which only appear as prefactors. The scalingin
equation (7) differs substantially from that expected in the Dicke limit
asN~ ., Thedepartureisthelargest for 1D arrays, whose largest decay
rate effectively scales as that of a collection of non-interacting atoms.
In the Methods, we show that the upper bound on R, remains robust
against common experimental imperfections, such as position disor-
der and finite temperature, and provide numerical evidence indicating
that the scaling of the lower bound is also preserved.

We benchmark our analytical scaling laws via a SDP relaxation**,
which yields a rigorous upper bound on R, and, via approximation
guarantees, a corresponding lower bound. SDP relaxations have been
used to lower-bound different types of ground-state problems***and,
more recently, ground-state observables*. The SDP relaxation is
formulated as

Rspp = n)};]g( TrXx) ®

subject to X; =1 Vvi=1,...,N

which can be solved in polynomial time. This is a relaxation since we
can write R = Tr('M), where M is a positive matrix with elements
M; = <f7i+67>. Note that the specific form of M;imposes physical con-
straints on M. The SDP relaxation above omits these constraints and,
thus, upper-bounds R,. Using standard techniques for establishing
approximation guarantees of SDP relaxations™, we show that Ry, also
provides alower bound to R, up to a constant factor (Methods).
This establishes

Rspp~Ry, 9

asauniversalrelation valid for arbitrary systems, regardless of whether
decayis delocalized. Although Ry, is generally not analytically tracta-
ble, this result indicates that SDP relaxations offer a powerful numer-
ical framework for extracting empirical scaling laws of R, atlarge
system ssizes, particularly for more complicated systems inwhich ana-
lytical approaches are unavailable. Using an SDP solver®', we obtain a
good approximation of R, (Fig. 2) for arrays with lattice constant d =
0.41,, where A, = 21/k, is the wavelength associated with the
resonant transition.

For large N, the numerical approximations to R, given by the SDP
follow the analytical scaling law of equation (7), thereby validating the
dimensional scaling. For visualization purposes, we shift the dataset
corresponding to each lattice dimension by a multiplicative factor (a
constant upward shiftin logarithmic scale). These shifts do not affect
the scaling and highlight the excellent agreement between the numeri-
calresults and the analytical scaling laws. Since the dominant decay is
delocalized, Fig. 2 validates our scaling law for R,. We also compare
the SDP results (without shifts) with the exact diagonalization of H-
forup to N=25atoms (inset).

Forsufficiently large atom numbers, the scalings hold regardless
of the lattice constant. For finite N, however, they depend on both
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lattice constant and lateral size L = N'?d (Fig. 3). As discussed in Sup-
plementary Section B.1, by taking the limits of the expression for I'in
the appropriate order (k,d > 0 before N > «), we confirm that for L «
Ao, one recovers Dicke’s scaling, that is, I',,x = NIp. For arrays witha
large lattice constant, d > A,, following a similar procedure yields the
limit of non-interactingatoms, thatis, I, ~ I'p. Theseresultsindicate
that asymptoticscalingis arobust bulk property, with boundary effects
becoming negligible for sufficiently large arrays. We determine the
crossover between ‘non-interacting’ and ‘collective’ behaviours by
identifying the parameters for which thereis an asymptotic changein
the scaling of R, fromlinear to superlinear. For 2D and 3D arrays, the
number of atoms required for such a crossover is N ~ rz(kod)6 ,
where n=0.02and 5, respectively. As expected, for large interparticle
distances, the number of atoms required for R, to be superlinear
grows rapidly.

Experimental implications

The scaling laws impact a broad range of areas, including quantum
optics, out-of-equilibrium phase transitions, quantum simulation and
fault-tolerant quantum computation.

(1) Transient superradiance beyond the Dicke limit. Our findings
onthescaling of R, crucially address fundamental problems in quan-
tumoptics, such as transient superradiance in extended systems'®'%*¢,
For instance, they set a rigorous upper bound on the scaling of the
superradiant burst. Although this upper bound may be violated if light
iscollected only overasmallsolid angle, new scaling laws can be derived
taking into account the detector aperture. Furthermore, in Supple-
mentary Section C.1, we reveal a connection between the early time
correlations that determine the appearance of a superradiant burst"
(achieved under dynamical evolution) and R, (which may be inacces-
sible by dynamics). Although our approach does not capture dynamical
evolution, it allows us to predict that the timescale of a superradiant
burst from aninitially fully excited array of atoms in free space scales (up
to alogarithmic factor) as Ty ~ 1/T . (Supplementary Section B.3).
This timescale imposes constraints on the array size required for retar-
dation effectsto be negligible, thereby ensuring the Markovian evolu-
tion assumed in equation (1).

(2) Superradiantlasingin free space. Superradiant lasing, inwhich
incoherently pumped atoms spontaneously radiate coherent light, is
known to occur in cavities'’. It is, however, unknown whether this phe-
nomenon occurs in other environments. By means of our scaling laws,
inSupplementary Section C.2, we derive anupper bound on the emitted
intensity, /< fiw,R,, and on the optimal pump rate, W, <2R,/N.
Thisupper bound is tight for the Dicke limit (thatis, foratomsina cav-
ity), yielding W, = NI,/2. These results rule out superradiant lasing for
1D arrays in free space (as there is never a superlinear scaling for the
intensity). They suggest that a superradiant lasing phase transition
might occur for 2D and 3D arrays, with a scaling of the lasing region
determined by equation (7).

(3) Driven-dissipative Dicke phase transition. Coherently pumped
atoms in a cavity exhibit a second-order phase transition (at a critical
pumping rate N[,/2) from a magnetized phase characterized by a col-
lective polarization to a paramagnetic phase®”. Beyond the well-studied
case ofatomsin a cavity, this phenomenon—also called collective reso-
nance fluorescence—has remained largely unexplored until
recently>*, Our scaling laws can be harnessed to readily show that
R, setsthescaling of boththe threshold drive intensity (7.~+/ TR« /N)
and the emitted light intensity below the threshold (/ ~ fiw,R,.) (Sup-
plementary Section C.3). These analytical results are in agreement with
recent numerical studies on collective resonance fluorescence of
free-space arrays™>.

(4) Quantumsimulators and processors with Rydberg atoms. For
microwave transitions, such as between Rydberg states (where 1, =
10 mm), typical experimental implementations lie within the collec-
tive decay regime. Enhanced decay in dense Rydberg ensembles has

been attributed to Dicke-like superradiance®. In Rydberg manifolds,
collective decay may increase leakage error rates from the compu-
tational subspace in quantum processors, particularly in massively
parallelized architectures with macroscopic Rydberg occupation. In
quantum simulators, collective decay may become a relevant error
source in large systems operating over long simulation times, poten-
tially contributing to Rydberg avalanches whose microscopic origin
remains unclear™,

As an example, we estimate the potential impact of collective
decayusingthesetupinref.59, whichusesa2D array of tweezer-trapped
8Rb atoms for quantum computing. A similar platform has also been
used to simulate complex many-body quantum dynamics®’. The
sources of leakage from the Rydberg state 535, include both collective
(I'col = I'max/4 = R, /N) andindependent (that s, single-atom sponta-
neous emission, /) decay to other levels, as well as black-body-induced
transitions at a rate I,,. The total leakage rate [, = o + [, + Ty is the
difference betweenthe (possibly black-body enhanced) transitionrates
fromand to the 53S,, Rydberg level. Figure 4 shows the ratio between
the total leakage rate I, and the coherent Rydberg-Rydberg interac-
tionrate V,,=C,/d*between neighbouring atoms. The solid white lines
in Fig. 4 mark the boundaries of the Dicke and dimensional scaling
regimes (Methods and Supplementary Section C.4). In the transition
region, the ratio I,/V,, is obtained by interpolating between the two
asymptotic scalings. To estimate /', we adopt the prefactor derived
from the product-state ansatz among the possible values consistent
with the bounds in equation (4). This represents a realistic estimate,
since suchstates are both physically well-motivated and experimentally
accessible, and they reproduce R, exactly in the Dicke limit. Similar
considerations apply to other highly excited states, which can evolve—
overatimescale Fc‘(}l—into configurations with leakage rates scaling as
R, through transient superradiance (see point (1) above). For simplic-
ity, although the Rydberg state can decay via numerous channels, we
consider only the transition with the largest I},,,x when evaluating
I, asitdominates all others for large N (refs. 61,62).

Collective decay remains sub-dominant in current platforms of
afew hundred atoms, but next-generation arrays hosting thousands
of atoms® should enable the direct exploration of its detrimental
effects. We estimate that a40 x 200 array of Rydberg atom pairs (with
2-pum intrapair and d = 12 pm interpair spacing) performing parallel
gates as in ref. 59 would reach a gate error of € = 0.3%, with collective
decay contributing one-third (0.1%) of the total error budget (Sup-
plementary Section C.4). The results showninFig. 4 for 2D arrays also
hold in three dimensions, as the ratio I',/V,,, only slightly increases
with dimensionality. This suggests that decoherence due to collective
decaybecomes morerelevantin 3D arrays, where larger arrays canbe
built. Our analysis indicates that further investigation of collectively
enhanced leakage errorsin large-scale Rydberg atom arrays is critical
to assess the scalability of these platforms for quantum computation
and simulation purposes. In particular, the use of alternative atomic
species or other Rydberg levels may allow for dimensional scalings
(instead of the more detrimental Dicke scaling), thereby reducing
collective effects in such platforms.

(5) Quantum error correction and typical states. The scaling law
in equation (7) indicates that correlated decay may hamper quantum
error correction”®*%, as the error rate per qubit scales (in the worst
case)as~R, /N, whichgrows with Nin two dimensions and above. Cor-
recting for these errors requires acting on a timescale that shortens
with N.Nevertheless, in Supplementary Section A.6, we prove that the
decay rate for typical stabilizer states is close to NI,/2, implying that
they do not experience correlated decay, due to random phases
between qubits. This does not mean that the scaling laws for R, are
irrelevant in practice, since even simple states like the product state
|+)®N may be superradiant. Understanding the effect of collective
decay on specific quantum error correcting codes warrants further
investigation.
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Outlook
Our results highlight a class of universal scaling laws that govern the
fundamental limits of decay in many-body quantum systems. These
findings openseveral avenues for both experimental exploration and
theoretical development. Oneimportant direction is quantum metrol-
ogy, where correlated decay may impose fundamental constraints.
Recent experiments on lattice clocks®® and spin squeezing®** have
investigated the role of Hamiltonian power-law dipole-dipole inter-
actions. The dissipative counterpart of the interaction is typically
neglected (as dephasing noise is currently the main source of error),
although it sets a fundamental limit on the time available to generate
and utilize metrologically useful states. Although the decay rate of
typical (Haar-random) states is close to NI,/2, quantum metrology
protocols often rely on a carefully selected set of states (for example,
Dicke states or squeezed states), which provide metrological advan-
tage®. Investigating the many-body decay of such states will prove
essential to establish possible limitations on such schemes.
Fromatheoretical perspective, our approachillustrates the power
of quantum approximation techniques to predict relevant properties
of open many-body systems. Our formalism can be extended to yield
upper bounds onthe rates of change of higher-order observables such
as k-point correlation functions (in this work, ., corresponds to
k=1).Replacing ri,.in equation (2) witha k-local observable, the ‘aux-
iliary’ Hamiltonian A~ will, in general, be (k+1)-local, and the optimal
product state provides an approximation with a multiplicative error
ofatmost 3*!,independent of system size'. Furthermore, our approach
could be adapted to study the steady-state behaviour of
driven-dissipative systems and to predict the scaling of correlation
functions or other physical observables*. More advanced SDP relaxa-
tions such as the quantum Lasserre hierarchy*® could yield tighter
bounds for generic systems. These methods are not restricted to spin
models, and could be extended to study ensembles of interacting
fermions orbosons, as well as to disordered systems. Moreover, invok-
ing time-reversal arguments, our scalings apply to the maximal absorp-
tionrate, which may have implications for quantum batteries and light
harvesting protocols. Given their generality, we anticipate that these
ideas will become a powerful tool to investigate universal properties
of large-scale many-body open quantum systems.
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Methods
Derivation of lower bound on R,
By means of the variational principle and equation (3), we find

Ry =maxy, T Cal) > T 11 €161 11 (10)
H

Substituting the definition of the collective operators ¢, we arrive at

R, (1)* aWe

v

o+67“
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Fmax

z Iaﬁ“l " |oe;
z

a
= Tnaxmax 2 || | ia; 67 19
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where we have absorbed the phases ¢, of " into the lowering operators
o7 =e%47. The last inequality is obtained by choosing the product
state )= ®,(I) + exp(—ig;)le)); /2 suchthat (Wlo; 67 1¢) = 1/4ifi#jand
(Y67 67 |¢) = 1/2. The lower bound, thus, depends on howthe collective
operator ¢, is spatially supported on the N qubits, quantified by the
variance of|af.1) |, whichreads

Var (la®)) = = % (\a@y _T)
2

-1-(zp).

The second line of the equation is obtained by using ¥, |o{"* = 1and
la®| = ¥, [a®’| /N . Defining the relative fluctuation of |a"| as

A =/ Var (Ja®|)/|a®| yields the lower bound

NFmax

12)

fo2 20y ®
Explicitly,
=N 14)
o[,

:
where a® = (@ ..a{’) isthe dominanteigenvector of I, and || a®||is

the L? vector norm. Using the inequality | a® ||, <|| a®|l, < VN || a®|,
and || a®||, = 1by normalization, we have the bound

0<A<VN-L

(15)

The upper bound A = +/N -1 is attained for independent emitters.
Intuitively, A quantifies the spatial uniformity of the brightest collec-
tive jump operator ¢. Thus, we define the delocalized decay regime
tobe A =0(1). For translationally invariant systems, |af“)\ =N-"Y2for
alli=1...Nandu=1...N,suchthat A=0.

Derivation ofupperboundon r,
Letuswrite A = Hyiag + Hxy, Where Ay = 1 Zf.il

Hxv——z

i7

Iyo}orand
§(0707 +0,0)). @16)

By the triangleinequality, R, < NI'y+ || Hyy || /. Since Hyyis2-localand
traceless, we use arecent result fromref. 15 to write

|l Axy 1< 65 Rproa(Fxy) 17)

where R,,,q(Hyy) is the best product-state approximationto || Hyy | /4.
Restricting to product states, Hyy reduces to a classical XY Hamiltonian

Hyy =+ Z

; Tr (1Y),
:;y

S,' . Sj = (18)

where (2); =s; - s; is the Gram matrix for the unit vectors {s; € R*}and
Iisthe off-diagonal matrix /= I/y.
Using theinequality Tr (") <|| I || Tr(Z) (ref. 67), we obtain

- N
Rprod(HXY) < Z (Fmax - FO)- (19)
Thus, by invoking equation (17), we obtain the upper bound
Ry < NIy + 2 (T = T) = 5 (3T max — o) o)

Effect oflocal Hamiltonian and dissipationon R,

Here we show that H,.,; and Dy, in equation (1) contribute only an
O(NI,) shiftto R, and, therefore, can be omitted without affecting the
scaling law. A more formal derivation is provided in Supplementary
Section A.1. We assume that each qubitin the systeminteracts with O(1)
other qubits via A, and Dy, Here

Hlocal =h Z ’Yjpj (21)
J

and

D]ocal(p) = ZK/ 'ﬁj Pj ﬁ), (22)

where P; are spatially local Pauli operators with arbitrary coefficients
{n;, k} of order unity, in units of I',. There are O(N) such Pauli operators,
by locality. From equation (2), the contribution of A, to the decay
rateis

N A
3 2 P (23)
Jj =1
Since each P; is supported only on a constant number of qubits, the
commutator [P;,07] evaluates to a linear combination comprising a
constant number of Pauli operators, each with expectation value at
most1. Thus,

NI'

R < const. x Y || = O(NI). 24)
J
Next, the contribution of Dy, toR is
N K o
R=2.2 7 (@)= Aoih) @s)
Jjoi=

The termin the parentheses has a non-vanishing contribution of O(1)
if qubitiisin the support of #;. Thus, by the same counting argument
asbefore, we get

R < const. x ZKI = 26)

J

O(NTy).

Inotherwords, thelocal Hamiltonian and dissipation can only contrib-
ute O(NI,) to the decay rate of any state p and, therefore, also R,.

Approximation guarantees of the SDP relaxation

Rspp, defined inequation (8),is an upper bound on R, by construction.
Here we show that Ry, also provides a lower bound to R, up to a con-
stant factor, thereby establishing the universal relation Rspp ~ R,. The
proof closely follows the seminal work in ref. 50 for the MAXCUT
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problem. The mainideabehind our proofis to use randomized round-
ing to construct a product state whose decay rate is guaranteed to
approximate R, up to a constant factor.

Let us denote the optimal solution of the SDP relaxation in equa-
tion (8) by the unit vectors {v; € RV}, whose Gram matrix X, solves the
maximization problem. Next, we round the solution. We sample a
random vector g € RY with independent and identically distributed
entries drawn from the Gaussian distribution, and define
b; = sign (v; - g) € 1. Note that thisis equivalent tosamplingarandom
hyperplane in R passing through the origin and assigning the binary
variable b; depending on which side of the hyperplane v; lies in. This
gives the Gram matrix Bwith matrix elements B;=b;b;. Averaging over
the random vector g, it can be shown that™

2

E[Byl = E[bib ;] = Zsin '(v; - v)).

T @7

Intuitively, this tells us that if v;and v; have high overlap, the rounded
solution b; and b; will be preferentially aligned on average. Now, by
observing that E[B] = (2/m)X,., which can be derived using the Schur
product theorem and the Taylor expansion of sin™(x), we obtain
2
ERSDP < [E[Rround]’ (28)
where R,,..« = Tr(I'B) is the cost function of equation (8) evaluated at
X=B.
For each b, we can construct asingle-qubit state as

L

)=

(Ig) + b; le)), (29

whichhas (67) = b;/2. Then, defining the product state as |b) = ®£V:1 |b;),
we can write

Riound = 4<bll:ll"|b> + O(NTy). (30)

In other words, R,,..q is four times the decay rate of the product state
|b), up toan additive error of O(NI,), which we omit for simplicity (since
it does not contribute asymptotically to the scaling laws). Thus,
R, ouna < 4Ry, resulting in E[R,qung] < 4R, < 4Rspp, Where we used the fact
that R, <Rypp.

Putting the above results together, we obtain asymptotically tight
boundson R, interms of Ry,p as

1
ERSDP < Ry < Rspp. (31)

This implies that Ry, follows the same scaling law as R,, that is, Rypp ~
R,.The additive error O(NI,), which is suppressed in equation (31),
does not affect the scaling laws.

Derivation of I,,,, scaling for free-space atomic arrays
For atomic arrays in three-dimensional free space, the dissipative
matrix reads

6nly .

E_/ = X @* . lmG(r,- - rj,wO) . WA, (32)
0

where % denotes the orientation of the transition matrix element. The
electromagnetic Green'’s tensor is given by

eikor

2
4k r’

G(r,wy) = [(kf)r2 +ikor — 1)1
(33)
+(—K2r2 = 3ikor + 3) '®’] ,

r

wherer=|r|.

To analytically determine the scaling of I, = BN*I,, we study
divergences of the transition rates in reciprocal space, that is,
k) =y, Iye"*t=/N.Our approach is to analyse an infinite array
and then relate its behaviour to that of large, finite systems. This is
justified because inthe large-particle limit, the collective jump opera-
tors are well-approximated by Fourier modes*****%, We present here
the analysis for a 2D array, and discuss other dimensionalities in the
Supplementary Information. Assuminga2D array in the x-y plane with
atoms polarized perpendicular to the array, the transition rate of aspin
wave with momentumk = (k,, k,) reads*

Iy (k) _ 3m Kk + g2

o &8 z '
° kod> g k2 — |k + gP2

The sumextends over all reciprocal lattice vectors, g = 2m(n,, ny)T/d for
ny,n, € 7 that satisfy the condition |k + g| < k,. Equation (34) diverges
for |k +g| > k,. To show how this divergence translates into the asymp-
totic scaling Iy, /To ~ N4, we choose d<A,/2, where k,<T/d, and the
only term that contributes to the suminequation (34) isg=0.Sampling
(k) onafinite VN x /N grid in momentum space, the wavevectors
closest to the divergence are such that |k| = k,(1 - €), where
€ < 2m/kod(VN +1) . Plugging this condition into equation (34) and
expandinginordersof e=A,/L, we readily find

(34

L 1 3
R [CIEECY I
+O (A1),

so that the first-order contribution scales with a®® = 1/4 and
B0 = 3\/7—1/2(k0d)3/2 as long as € « 1 (L » A,), as mentioned in the
main text.

Inthe Dicke regime (L «A,) one needs to take the limitL > O before
resumming the Fourier transform. By expandingin orders of L/A,and
then resumming, we find

T _ N(1 4?12 17mtLt 4212
ro 152 52508 1522 36)
36
_somlt | mwer o (1
52508 525NAY %)

sothatthefirst-order contributionscaleswitha® =1and f®”=1aslong
as L « A,. On the contrary, by taking the large separation limit firstin
equation (32), one recovers the limit of independent atoms I, (K) =,
regardless of N, so that a®” = 0 and 82 =1. The transition between the
independentand array regimes canbe seen directly fromequation (35),
asthefirsttermislarger than1(thatis, I}, > I'o) for N > 16(kod)®/81m2.

Generalizations of these results to the array regime for d > 1,/2,
the case with parallel polarization, as well as 1D and 3D arrays, follow
analogously, and are discussed in detail in Supplementary Section B.1.

Delocalized decay in finite atomic arrays
For the scaling law R, ~NT7,,,, to hold for atomic arrays, it is necessary
for the brightest jump operator ¢ tobe delocalized such that A ~ O(1).
As demonstrated in ref. 40, the collective jump operators of ordered
atomic arrays are well-approximated by Fourier modes with quasi-
momentum k in the limit of N> 1and are, therefore, delocalized. We
confirm this in Extended Data Fig. 1a,b (top), where we show that the
Fourier transform of the brightest collective jump operator is localized
(inmomentum space) for both 1D and 2D arrays.

Specifically, we numerically obtain the principal eigenvector

f
a® =@, ...,a) ofrand computeits momentum-space distribution
o’ 2, where al” = Zj’.v exp(ik - r,)a;l)/\/ﬁ Furthermore, we show that the
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width 0f|a§(1) |2, quantified through the variance Ak?, decreases with the
size of the array (Extended Data Fig. 1a,b, bottom). These results are
obtained for an array polarized along one of the axis of the array. For
perpendicular polarization, a similar narrowing of the distributionin
k space is observed, although with some oscillation modulating the
decreasing uncertainty Ak.

Finally, to confirm that the upper and lower bounds to R, are
asymptotically tight, we compute A fora2Darray (Extended DataFig.1c).
The values of 4 are seen to saturate to a finite constant value as N
increases. This is confirmed in Extended Data Fig. 1d, where for a few
values of d in the relevant regime (0.1 < d/A,< 0.5), A saturates to a
constant value for increasing system sizes.

For 3D arrays, we expect a similar behaviour. However, due to
computational constraints on N, we are unable to provide numerical
evidence to support this expectation.

Role of position disorder on the scaling laws for atomic arrays
Here we analyse the robustness of the scaling law for arrays, that is,
equation (7), to displacement in atomic positions. Position disorder
occursas eitherimperfectionsin the position of the trap (for example,
in tweezer arrays) or temperature fluctuations of the atomic
centre-of-mass position (for example, in optical lattices). Inboth cases,
R, isobtained from equation (3), where l'isreplaced by I computed
by sampling equation (32) according to atoms’ position probability
distribution. We consider a Gaussian distribution centred around the
lattice sites with a standard deviation o = nd. If i is kept constant, ¢
correspondsto different values of the temperature, or of the tweezers’
displacement depending on d. Different experiments use different
atoms and atomic transitions, resulting in a wide range of values for
Ao and, hence, d. In the following, we fix = 0.05, which corresponds
to typical values reported in recent experiments®***7°,

We study the effects of disorder on the upper and lower bounds
to R, inequation (4) separately.

The upper bound is entirely determined by the scaling of I},,.
Inthe limit of weak position disorder (n < 1), the largest eigenvalues
of " can be analytically computed using perturbation theory. After
averaging over the atom position distribution, we obtain (appendix
Cofref.71)

I——'I’TIBX ~(1- ’Zz)Fmax + 'IZF0~ 37)

For 1D arrays, the robustness of the upper bound is sufficient to
conclude the validity of the scaling law in equation (7) because alower
boundtothe decay rateis always given by NI, whichis trivially achieved
by |e)®". For 2D and 3D arrays, the lower bound depends on the scaling
of I, and of the principal eigenvector of 'through A (equation (4)).
We numerically show that A ~ O(1) for the case of 2D arrays. Thisisdone
inExtended DataFig.2a, where we plot A as a function of d for different
array sizes. For fixed d, A converges to a constant value as Nincreases
(Extended Data Fig. 2b). The numerical results shown in Extended
DataFig.2together with the robustness of the scaling of I, allows us
to conclude that lower and upper bounds are asymptotically tight,
leading to the scaling law in equation (7) for 2D arrays. For 3D arrays,
we expect the scaling law to hold, but computing A for large arrays is
challenging and we do not have sufficient numerical evidence to sup-
port this expectation.

Collective decay in Rydbergarrays

Atoms excited to the 53S,, level can leak to all levels nP,,and nPs,, with
n=5.0utofall possible decay paths, R, is always larger for the 53S,, >
52P;, transition due to its long-wavelength nature. We simplify the
multilevel nature of the system by assuming that for large atom num-
bers, the dominant collective channel will dominate over the rest®"*?,
so that Iy = 125752 4 Al other transitions are assumed to con-

max

tribute only to the spontaneous (/;,) and black-body (/) leakage.

The collective contribution to leakage (I,) is obtained from the
lower bound in equation (4) by assuming A = 0. To estimate this quan-
tity for large systems, we use the expansionsin equations (35) and (36)
when the expansion error eis below 0.05. The error e is defined as the
contribution of the higher-order termin the expansions. The remaining
regionaround L =, is calculated viaa weighted smooth interpolation
using the thin-plate spline method’>. We look for asurface I, (d, N) that
minimizes the function

3 (Tt — Toax(dos N/4) + 1 ff 1 V2L I (38)
i

where we take asinputa200 x 200 grid of points d;, N;with I (d;, N;)
given by the expansions, weights w; = 1- ¢, where ¢; is given by the
expansion error e evaluated at each point i, and smoothness parameter
p=0.1.Thegrid is taken over a large parameter space, [0.05,500] um
x [1,10'] for Fig. 4 to minimize edge effects.

Data availability

The data that support the findings of this study are available from
the corresponding author upon reasonable request. Source data are
provided with this paper.
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Extended Data Fig. 1| Delocalization of the brightest jump operator for 1D

and 2D arrays. a, 1D arrays: (top) k-space distribution |a(1)

k

|2 of the brightest jump

operator (principal eigenvector of I') for 60 atoms with d = 0.31,and (bottom) its
variance Ak as a function of the array size N;p. b, 2D arrays: (top) k-space

distribution |al<(1)

|2 of the brightest jump operators for 60 x 60 atoms with

d=0.31,and (bottom) the square root of the determinant of its covariance matrix

Array size, N,y

as afunction of the array size Nyp. ¢, Plot of the relative variance 4 of the principal
eigenvector as a function of the lattice spacing for Ny, from 20 to 200 in steps of
20 (brightest to darkest markers). d, Scaling of A as a function of Ny,. Different
markers correspond to different values of d/A,, as specified ind. Inall plots,
atoms are polarized along the array axis.
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Extended Data Fig. 2| Effects of position disorder on R, for arrays of atoms
normally distributed around the sites of a square lattice with standard
deviation 6=0.05d. Atoms are polarized along one of the array axis. All results
are obtained by averaging over 100 position realizations. a, Relative variance 4 of
the principal eigenvector of I'for a2D array as a function of the lattice spacing

Array size, N,

d/A, and for five different values of Ny, starting from N,, =100 (lighter colour) and
increasingin steps of 20 up to Ny, =180 (darker colour). b, Scaling of 4 with Ny, for
the values of d/A, corresponding to the vertical dashed line of the same colour in
b. The exact value of the lattice spacing for each line is specified in the legend.
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